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Abstract
We consider timelike and spacelike reductions of 4D, N = 2 Minkowski-
an and Euclidean vector multiplets coupled to supergravity and the
maps induced on the scalar geometry. In particular, we investigate
(i) the (standard) spatial c-map, (ii) the temporal c-map, which cor-
responds to the reduction of the Minkowskian theory over time, and
(iii) the Euclidean c-map, which corresponds to the reduction of the
Euclidean theory over space. In the last two cases we prove that the
target manifold is para-quaternionic Ka¨hler.
In cases (i) and (ii) we construct two integrable complex structures
on the target manifold, one of which belongs to the quaternionic and
para-quaternionic structure, respectively. In case (iii) we construct
two integrable para-complex structures, one of which belongs to the
para-quaternionic structure.
In addition we provide a new global construction of the spatial,
temporal and Euclidean c-maps, and separately consider a description
of the target manifold as a fibre bundle over a projective special Ka¨hler
or para-Ka¨hler base.
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1 Introduction and summary of results
1.1 Background and motivation
This paper completes the programme started in [1] and continued in [2, 3],
the purpose of which is to describe the scalar geometries of Euclidean N = 2
vector and hypermultiplets both without and with coupling to supergravity.
Recall that with the standard (Minkowskian) spacetime signature the scalar
manifolds of four-dimensional vector multiplets are affine special Ka¨hler in
the absence of supergravity and projective special Ka¨hler in the presence
of supergravity [4–13]. The scalar manifolds of hypermultiplets in d ≤ 6
space-time dimensions are hyper-Ka¨hler in the absence of supergravity and
quaternionic Ka¨hler in the presence of it [14–16]. Together with the affine
and projective special real target manifolds of five-dimensional vector mul-
tiplets [17, 18], they form a family of related geometries which we refer to
as special geometries.1 In each case the corresponding special geometry
exists in a ‘rigid’ or ‘affine’ version, which is realised in supersymmetric
field theories not coupled to supergravity, and a ‘local’ or ‘projective’ ver-
sion, which occurs when the respective matter supermultiplet is coupled to
supergravity. When constructing supergravity theories using the so-called
conformal calculus, see [21] for a review, it is manifest that the ‘local’ ver-
sions of the special geometries are related to special cases of their ‘global’
counterparts. In the field theoretic framework, one starts with a field the-
ory invariant under rigid superconformal transformations, and then gauges
the superconformal symmetry to obtain a theory which is ‘gauge-equivalent’
to a Poincare´ supergravity theory. The scalar geometries of the supercon-
formal and of the Poincare´ supergravity theory are related by a so-called
superconformal quotient. Geometrically, the target manifolds of supercon-
formal field theories admit a certain homothetic action of the group R>0,
C
∗ and H∗/Z2 for five-dimensional vector multiplets, four-dimensional vec-
tor multiplets, and hypermultiplets, respectively. We refer to such affine
special manifolds as conical, since their metrics have the form of a metric
cone, at least locally. The corresponding ‘local’ special geometry is then
obtained by dividing out this group action. This motivates the terminology
of ‘conic (affine)’ and ‘projective’ special geometry, which was introduced
in [13] and [12], respectively, and which we will use in the following.
Another link between the special geometries is provided by dimensional
reduction. Reducing five-dimensional vector multiplets to four-dimensional
vector multiplets and four-dimensional vector multiplets to three-dimensional
hypermultiplets induces maps between their scalar manifolds. These come
in both a rigid and local (or supergravity) version, depending on whether the
theory is coupled to supergravity. The (rigid/supergravity) r-map relates
(affine/projective) special real to (affine/projective) special Ka¨hler geome-
1 See also [11,19–21] for reviews of special geometry.
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try [1, 22, 23], while the (rigid/supergravity) c-map relates special Ka¨hler
geometry to hyper-Ka¨hler or quaternionic Ka¨hler geometry [24,25].
Throughout the programme [1–3] we have taken the approach of obtain-
ing the scalar geometries of the Euclidean theories by dimensional reduction
of Minkowskian theories over time, since this automatically ensures that the
reduced theory is invariant under the Euclidean supersymmetry algebra.
Thus our programme amounts to constructing and studying new versions
of the r-map and c-map. It is well known that the spatial and temporal
reduction of a given theory differ by relative signs in their Lagrangians,
and in particular that temporal reduction can lead to scalar target spaces
with indefinite Riemannian metrics. The central observation of [1] was that
the scalar geometries of Minkowskian and Euclidean vector multiplets of
the same dimension are related systematically by replacing complex struc-
tures by para-complex structures.2 This is in contrast with four-dimensional
Minkowskian and Euclidean hypermultiplets, which have the same target
manifolds at least in the local case [27]. The scalar geometries of four-
dimensional Euclidean vector multiplets are affine special para-Ka¨hler in
the rigid case and projective special para-Ka¨hler in the local case, as shown
in [1] and [3]. While para-Ka¨hler manifolds had been defined previously
in the mathematical literature [28, 29] (we refer to [30] for a review of the
history of para-complex geometry and further references), the two types
of special para-Ka¨hler geometry were described for the first time in these
references. As explained in [1], the natural expectation is that after the
dimensional reduction of four-dimensional vector multiplets over time the
geometry of the resulting three-dimensional Euclidean hypermultiplets is
para-hyper-Ka¨hler in the rigid case and para-quaternionic Ka¨hler in the lo-
cal case. While rigid hypermultiplets were dealt with in [2], it remains to
consider local hypermultiplets in order to complete the programme.
As in the corresponding rigid case [2], we will obtain in this paper two
new supergravity c-maps, since we can either reduce the Minkowskian theory
over time, or the Euclidean theory (which was constructed in [3]) over space.
We will refer to these constructions as the temporal c-map and the Euclidean
c-map, respectively. Moreover, we will also revisit the standard, ‘spatial’, c-
map and thus consider all possible spacelike and timelike reductions of both
Minkowskian and Euclidean four-dimensional vector multiplets coupled to
supergravity. The reason is that as a further main result we obtain a new
global construction of the supergravity c-map, which we present in a uniform
way for all three cases.
The c-map was first described in the context of the T-duality between
compactifications of type-IIA and type-IIB string theories with N = 2 su-
persymmetry [24]. Upon reduction to three dimensions as an intermediate
step, four-dimensional vector multiplets become three-dimensional hyper-
2Related observations were already made for ten-dimensional IIB supergravity in [26].
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multiplets, so that the three-dimensional theories have two hypermultiplet
sectors which only couple gravitationally. As a result there are two different
decompactification limits, which can be used to relate the four-dimensional
IIA and IIB theories to one another. The hypermultiplet metrics result-
ing from dimensional reduction were described explicitly in [25], and it was
shown that they are quaternionic Ka¨hler, as predicted by supersymmetry. In
the construction of [25] it is assumed that the underlying projective special
Ka¨hler manifold M¯ is a projective special Ka¨hler domain, that is defined by
a single holomorphic prepotential, which is sufficient to obtain a local de-
scription of the resulting quaternionic Ka¨hler manifold N¯ . This leaves open
the question of how to describe the c-map globally if M¯ is not a domain,
and how to characterise the resulting quaternionic Ka¨hler metric globally in
terms of the geometric data of M¯ . A global description is not only prefer-
able mathematically but also needed for physical questions. In particular,
in order to understand the full non-perturbative dynamics of N = 2 string
compactifications, one would like to know under which conditions the re-
sulting hypermultiplet manifolds are complete. Some results on these global
questions will be discussed below.
For the rigid r-map and c-map the global geometrical description is
known. It was already observed in [24] that the image of an affine special
Ka¨hler domain M under the rigid c-map can be interpreted as its cotangent
bundle T ∗M . More generally, affine special real and affine special Ka¨hler
manifolds are by definition equipped with a flat connection, which allows
their tangent bundle to be decomposed into a horizontal and a vertical dis-
tribution. This can be used to show that the tangent bundle (equivalently,
the cotangent bundle) of an affine special real or affine special Ka¨hler man-
ifold naturally carries the structure of an affine special (para-)Ka¨hler or of
a (para-)hyper-Ka¨hler manifold, respectively [3, 13,23].
Given that the affine and projective special geometries are related by
superconformal quotients, one may ask whether it is possible to express
the supergravity c-map in terms of the rigid c-map, applied to the associ-
ated conical affine special Ka¨hler manifold. In physical terms this amounts
to ‘lifting the supergravity c-map to the superconformal level’, which was
investigated in [31] and [32]. Both constructions give rise to an off-shell real-
isation of the c-map in terms of tensor multiplets. Being off-shell means that
supersymmetry is realised independently of the equations of motion by the
inclusion of auxiliary fields. This has in particular the advantage that the
problem of adding higher derivative terms is tractable. Tensor multiplets are
related to hypermultiplets by a duality transformation. The corresponding
relation between the Ka¨hler and quaternionic Ka¨hler metrics is as follows:
The potential for the tensor multiplet metric is related to the prepotential
of the special Ka¨hler metric by a contour integral. Performing a Legendre
transform on the tensor multiplet potential one obtains a hyper-Ka¨hler po-
tential for the hyper-Ka¨hler cone (or Swann bundle) over the quaternionic
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Ka¨hler manifold, which encodes the quaternionic Ka¨hler metric [31].
Another approach to relating the supergravity c-map to the rigid c-map,
and similarly, the supergravity r-map to the rigid r-map was described in
[33]. Here the idea is to find a construction, dubbed ‘conification’, which
allows one to obtain the image of the supergravity c-map (supergravity r-
map) by conification of the image of the rigid c-map (or r-map) followed
by a superconformal quotient. A general construction for the conification of
Ka¨hler manifolds and hyper-Ka¨hler manifolds (satisfying certain technical
conditions) was given. While the conification of (pseudo-)Ka¨hler manifolds
leads to a new Ka¨hler/Ka¨hler (‘K/K’) correspondence, the conification of
(pseudo-)hyper-Ka¨hler manifolds leads to a general (indefinite) version of
the hyper-Ka¨hler/quaternionic Ka¨hler (‘HK/QK’) correspondence of [34],
which was also discussed by [35] and [36–39]. Moreover one obtains a new
explicit expression for the quaternionic Ka¨hler metric, which allows one
to recover the explicit form of the c-map metric of [25] and its one-loop
deformation [40] as a special case, see [33, 41] for details. This method
provides a direct proof that these metrics are quaternionic Ka¨hler, which is
independent of supersymmetry or the proofs in the undeformed case given
in [25,42]. As a consequence, one recovers the earlier result of [35], obtained
using twistor methods, that applying the QK/HK correspondence (inverse to
the HK/QK-correspondence) to the Ferrara-Sabharwal metric one obtains
the rigid c-map metric.
We remark that since every (para-)quaternionic Ka¨hler manifold has an
associated twistor or para-twistor space [43, 44], one can also approach the
geometry of the c-map through the corresponding twistor spaces. For this
approach we refer to the literature, see in particular [43].
Another approach to the global description of the c-map is to cover the
initial projective special Ka¨hler manifold by projective special Ka¨hler do-
mains, to which one applies the supergravity c-map as formulated in [25],
and then to check that the resulting quaternionic Ka¨hler domains can be
consistently glued to a quaternionic Ka¨hler manifold. It was shown in [45]
that the quaternionic Ka¨hler domains take the form N¯ = M¯ ×G, where G
is a solvable Lie group, and that the quaternionic Ka¨hler metric is a bundle
metric gN¯ = gM¯ + gG(p), where gG(p) is a family of left-invariant metrics on
G parametrised by p ∈ M¯ .3 This was used to prove that the quaternionic
Ka¨hler domains obtained by applying the supergravity c-map domain-wise
can be glued together such that resulting manifold has a well-defined quater-
nionic Ka¨hler structure. Moreover, it was proved in [45], that both the
supergravity r-map and the supergravity c-map preserve completeness of
the Riemannian metrics. While complete projective special real curves and
surfaces were classified in [45] and [46] respectively, a necessary and suf-
3It was already observed in [25] that by fixing a point p ∈ M¯ one obtains a Ka¨hler
metric.
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ficient condition for the completeness of a projective special real manifold
was obtained more recently in [47]. In fact, it was shown that a projective
special real manifold H ⊂ Rn+1 is complete if and only if it is closed as a
subset of Rn+1, a condition which can be easily checked in many examples.
Moreover it was shown that any projective special real manifold respecting
a generic regularity condition on its boundary is complete. Therefore the
composed r- and c-map can be used to construct many new examples of
non-homogeneous complete quaternionic Ka¨hler manifolds.
Yet another description of the spatial and temporal c-map was obtained
in [48], where the objective was to find a formulation of the temporal c-
map which is adapted to lifting three-dimensional Euclidean supergravity
solutions (‘instantons’) to four-dimensional stationary supergravity solutions
(black holes and other ‘solitons’) [48–50]. To maintain the symplectic covari-
ance of the four-dimensional theory, dimensional reduction was performed
without taking the superconformal quotient in the four-dimensional theory,
which resulted in the description of the (para-)quaternionic Ka¨hler manifold
N¯ in terms of a U(1) principal bundle P → N¯ . In this paper we will extend
the local description given in [48] to the Euclidean c-map. Moreover, we will
give a global construction of the bundle P and show that it is obtained with
all data needed to define the (para-)quaternionic structure of N¯ in a natural
way from the underlying projective special (para-)Ka¨hler manifold M¯ as a
one-dimensional extension of the tangent bundle TM of the associated con-
ical affine special (para-)Ka¨hler manifold M . Another approach, left to the
future, would be to adapt the HK/QK-correspondence to encompass para
geometries.
One ingredient of [48] which will be useful in the present paper is to
employ special real coordinates for the conical special (para-)Ka¨hler mani-
fold M . Special real coordinates make explicit the flat symplectic (rather
then holomorphic) aspects of special Ka¨hler manifolds [12,13,24,51]. From
the affine point of view the existence of special real coordinates is related
to the fact that any simply connected affine special Ka¨hler manifold can be
realised as a parabolic affine hypersphere [52], while the natural S1 bun-
dle over the associated projective special Ka¨hler manifold carries the struc-
ture of a proper affine hypersphere endowed with a Sasakian structure [53].
Analogously, affine special para-Ka¨hler manifolds are intrinsically improper
affine hyperspheres [54]. Real coordinates play a central role in the anal-
ysis of black hole partition functions and their relation to the topological
string [55–58]. The formalism of [48, 56] uses special real coordinates on a
conical affine special Ka¨hler manifold to describe the underlying projective
special Ka¨hler manifold. A different approach where special real coordi-
nates are introduced directly on the projective special Ka¨hler manifold was
described in [59] (see also [60] for a review of special real coordinates in the
affine case).
One aim of our programme is to make explicit the fact that Minkowskian
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and Euclidean theories can be presented in a uniform way. In [1] it was noted
that in suitable coordinates the Lagrangian and supersymmetry transfor-
mations of vector multiplets take exactly the same form in either signature,
and are only distinguished by interpreting the involution z 7→ z as complex
conjugation in the Minkowskian and as para-complex conjugation in the
Euclidean case. Starting from [3] a unified ε-complex notation was used,
where ε = −1 corresponds to the complex and ε = 1 to the para-complex
case. This notation will also be used in the present paper. Since, apart from
choosing to reduce a Minkowskian theory over space or over time, we can
choose to start with a Euclidean theory in four dimensions, we will need a
further refinement of our notation. Our convention is that whenever we talk
about complex/para-complex manifolds or structures in a generic way, we
will use the symbol ε = ±1, whereas ǫ1 = ±1 refers to the geometry of the
four-dimensional theory we start with, while ǫ2 = ±1 distinguishes between
reduction over time and reduction over space. We will explain more about
this notation in the next subsection.
The temporal c-map has been studied before in various publications,
mostly in relation to constructing stationary solutions by lifting Euclidean
solutions over time. In [61] a list of the symmetric spaces resulting from
applying the temporal c-map to symmetric projective special Ka¨hler man-
ifolds was given. As mentioned in [61], these symmetric spaces are in-
deed para-quaternionic Ka¨hler. This can be proved by either analysing the
holonomy representation, or by comparing with the classification of pseudo-
Riemannian symmetric para-quaternionic Ka¨hler manifolds of [62].4
1.2 Main results
Recall that given a projective special Ka¨hler domain M¯ of dimension 2n,
defined by a holomorphic prepotential F that is homogeneous of degree two,
the supergravity c-map assigns a quaternionic Ka¨hler metric gN¯ on a mani-
fold N¯ of dimension 4n+4. The target metric is induced by the dimensional
reduction of 4D, N = 2 supergravity coupled to n vector multiplets over a
spacelike dimension, and was first computed explicitly by Ferrara and Sab-
harwal in [25]. Henceforth we shall refer to this construction specifically as
the spatial c-map. It turns out that this metric can be defined even if the
projective special Ka¨hler manifold is not defined by a single holomorphic
prepotential, but is rather covered by domains on which such prepotentials
exist [45]. The total space N¯ is then interpreted as a bundle over M¯ , the
fibres of which are solvable Lie groups isomorphic to the Iwasawa subgroup
of SU(1, n + 2).
The main purpose of this paper is to generalise the spatial c-map con-
struction. We will give a different description of the total space N¯ as an
4See also Section 3.6 of [63].
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S1-quotient N¯ = P/S1, where P = TM ×R is the product of the tangent
bundle of the (2n + 2)-dimensional conical affine special Ka¨hler manifold
(M,J, g,∇, ξ) underlying M¯ with the real line. We will assume that M is
simply connected in which case one may identify TM = M ×R2n+2 using
the flat connection and P =M ×R2n+3. The principal S1-action on P cor-
responds to the U(1) subgroup of the natural C∗-action on the first factor.
It is locally generated by the trivial extension ZP to P of the Killing vector
field Jξ on M . An advantage of this construction is that it does not place
any restrictions on the projective special Ka¨hler manifold M¯ , only that the
underlying conic affine special Ka¨hler manifold M is simply connected. It
can also be adapted to the following two new cases, which is the main goal
of this paper:
(i) The temporal c-map.
This assigns to every projective special Ka¨hler manifold of dimension
2n a para-quaternionic Ka¨hler manifold of dimension 4n + 4. It is
induced by the reduction of 4D, N = 2 supergravity coupled to vector
multiplets over a timelike dimension.
(ii) The Euclidean c-map.
This assigns to every projective special para-Ka¨hler manifold of di-
mension 2n a para-quaternionic Ka¨hler manifold of dimension 4n+ 4.
It is induced by the reduction of 4D, N = 2 Euclidean supergravity
coupled to vector multiplets over a spacelike dimension.
This information is summarised in Table 1. While the explicit form of the
target metric of the temporal and Euclidean c-maps can be easily adapted
from the case of the spatial c-map, it is not obvious that the metrics are
para-quaternionic Ka¨hler. In order to prove this we will explicitly compute
the Levi-Civita connection and show that it is compatible with an Sp(2) ·
Sp(2n,R)-structure. We will see that the reduced scalar curvature for all
c-map target manifolds5 is equal to −2.
It was observed in [64] that the target manifold of the spatial c-map ad-
mits a complex structure which is part of the quaternionic Ka¨hler structure.
We will show that it also admits a second complex structure which is not
part of the quaternionic Ka¨hler structure. Similarly, the temporal c-map ad-
mits two complex structures, one of which is part of the para-quaternionic
Ka¨hler structure, and the Euclidean c-map admits two para-complex struc-
tures, one of which is part of the para-quaternionic Ka¨hler structure.
Let us give a brief summary of our construction for the spatial c-map. In
order to define the quaternionic Ka¨hler metric we must first recall some facts
concerning conical affine special Ka¨hler manifolds that can be found in [13,
48]. Let (M,J, g,∇, ξ) be a conic affine special Ka¨hler manifold of complex
5In the conventions of [25] the reduced scalar curvature is −1 for the spatial c-map.
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Base Target Spacetime signature
spatial projective special quaternionic (3 + 1)→ (2 + 1)
c-map Ka¨hler Ka¨hler
temporal projective special para-quaternionic (3 + 1)→ (3 + 0)
c-map Ka¨hler Ka¨hler
Euclidean projective special para-quaternionic (4 + 0)→ (3 + 0)
c-map para-Ka¨hler Ka¨hler
Table 1: Summary of spatial, temporal and Euclidean c-maps. For a base
manifold of dimension 2n the target manifold has dimension 4n+ 4.
dimension n+1. We will assume that M is simply connected and therefore
there exists a conic holomorphic nondegenerate Lagrangian immersion φ :
M → T ∗Cn+1 that is unique up to symplectic transformations. On M
there exist 2n + 2 globally-defined real functions (x0 = ReZ0, . . . , xn =
ReZn, y0 = ReW0, . . . , yn = ReWn), where (Z
I ,WI)I=0,...,n are complex
linear coordinates on T ∗Cn+1, that satisfy ω = g(·, J ·) = 2dxI ∧ dyI and
locally form a ∇-affine coordinate system about any point ofM [13, Thm 9].
Since the functions (qa)a=0,...,2n+1 := (x
I , yI)I=0,...,n are unique up to linear
symplectic transformations one may uniquely define the following global
one-forms on TM :
qaΩabdq
b , qˆaΩabdq
b , qaΩabdqˆ
b , qˆaΩabdqˆ
b ,
where
(Ωab) =
(
0 1
−1 0
)
is two times the Gram matrix ω( ∂∂qa ,
∂
∂qb
) of ω, i.e. ω = Ωabdq
a ∧ dqb, and
(qa, qˆa) are global functions TM associated with the functions (qa) on M .
The special Ka¨hler metric g on M is given by the Hessian of the function
H = 12g(ξ, ξ) < 0:
g = ∇dH = Habdqadqb ,
where Hab =
∂2H
∂qa∂qb
. The function H is homogeneous of degree two with
respect to the functions (qa). It is called the Hesse potential and, in the
real formulation of special Ka¨hler geometry, plays a role analogous to the
holomorphic prepotential. The projective special Ka¨hler metric g¯ is related
to H by [48]
h = habdq
adqb := π∗g¯ = − 1
2H
∇dH+ 1
4H2
(dH)2+(v)2 = ∇dH˜−(dH˜)2+(v)2 ,
where H˜ = −12 log(−2H) and v = − 1H qaΩabdqb = − 12HJ∗dH = J∗dH˜. Here
we have denoted by π : M → M¯ = M/C∗ the canonical projection of the
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C∗-action on M , which is locally generated generated by the vector fields ξ
and Jξ.
We will now construct the quaternionic Ka¨hler metric on N¯ = P/S1.
We first remark that the symmetric (0, 2)-tensor field
h+ (dH˜)2 = ∇dH˜ + (v)2,
on M has one-dimensional kernel RJξ. Using the canonical projection
TM → M we may consider any covariant tensor field (such as h,H, . . .)
on M as a tensor field on TM . Similarly, any covariant tensor field on TM
can be considered as a tensor field on P by means of the canonical projection
P = TM ×R→ TM . In particular we will consider the one-forms on P
u1 = −dH˜ = 1
2H
Hadq
a , uˆ1 = − 1
2H
Hadqˆ
a ,
u2 = − 1
2H
(
dφ˜+ 2qˆaΩabdqˆ
b
)
, uˆ2 = − 1
H
qaΩabdqˆ
b ,
where φ˜ is the coordinate in the second factor of P = TM×R. Let us define
on P the symmetric (0, 2)-tensor field
g′ = hab
(
dqadqb + dqˆadqˆb
)
+
(
u1
)2
+
(
u2
)2
+
(
uˆ1
)2
+
(
uˆ2
)2
, (1)
which has kernel RZP and is invariant under the circle group S
1
ZP
. It induces
a pseudo-Riemannian metric gN¯ on N¯ = P/S
1, which is positive definite if
the projective special Ka¨hler metric g¯ is positive definite. We will verify
later that this metric can be brought to the standard form of the Ferrara-
Sabharwal metric, and is therefore pseudo-quaternionic Ka¨hler.
When we consider the cases of the temporal and Euclidean c-map we will
find that the tensor field g′ on P differs from the case of the spatial c-map
(1) only by certain sign-flips. It is convenient to introduce the parameters
ǫ1, ǫ2 ∈ {+1,−1} which are determined by the rule
(ǫ1, ǫ2) =


(−1,−1) spatial c-map
(−1,+1) temporal c-map
(+1,±1) Euclidean c-map .
(2)
When we are not specifically discussing the c-map we will use the symbol
ε = ‘generic’ epsilon, which can be either ±1 .
One may interpret the parameters ǫ1, ǫ2 physically as follows: The choice
ǫ1 = −1 corresponds to starting with a theory of 4D, N = 2 supergravity
coupled to vector multiplets with Lorentzian spacetime signature, and ǫ1 = 1
to the same theory with Euclidean spacetime signature. If ǫ1 = −1 then ǫ2 =
−1 corresponds to the dimensional reduction of this theory over a spacelike
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dimension, and ǫ2 = 1 to dimensional reduction over a timelike dimension.
If ǫ1 = 1 then one must necessarily reduce over a spacelike dimension, which
corresponds to ǫ2 = −1. However, as we will explain later, if one chooses
instead ǫ2 = 1 then the resulting target manifold is globally isometric to
the case ǫ2 = −1, and so both choices are mathematically equivalent. Using
this notation one may write various expressions in a unified way for all three
c-maps. For example, the expression for g′ can be written for all c-maps as
g′ = hab
(
dqadqb − ǫ2dqˆadqˆb
)
+
(
u1
)2 − ǫ1 (u2)2 − ǫ2 (uˆ1)2 + ǫ1ǫ2 (uˆ2)2 .
Note that when ǫ1 = 1 the tensor h on M is of split-signature on any
subspace complementary to its kernel. It is therefore clear from the above
expression that g′ induces a positive definite metric on N¯ only when the
metric g¯ on M¯ is positive definite and ǫ1 = ǫ2 = −1. For all other choices
of ǫ1 and ǫ2 it induces a metric of split-signature.
We will also discuss a complementary approach to describing c-map tar-
get spaces locally as the product
N¯ = M¯ ×G ,
where M¯ is (a domain in) the original projective special ǫ1-Ka¨hler base
manifold and G is the Iwasawa subgroup of SU(1, n + 2). With respect to
this decomposition the metric on N¯ can be written as
gN¯ = g¯ + gG(p) ,
where g¯ is the metric on M¯ and gG(p) is a family of left-invariant metrics on
G that depends on the point p ∈ M¯ . We will explicitly show that for fixed
p the metric gG is a symmetric ǫ1-Ka¨hler metric of constant ǫ1-holomorphic
sectional curvature.
This paper is organised as follows. We begin in Section 2 with a re-
view of background material. In Section 2.1 we discuss ε-complex vector
spaces, spaces of ε-complex lines and how these can be represented as sym-
metric spaces and realised as solvable Lie groups, and special ε-Ka¨hler man-
ifolds. In Section 2.3 we discuss ε-quaternionic Ka¨hler structures on vector
spaces and ε-quaternionic Ka¨hler manifolds. The physical aspects of the
c-map construction are dealt with in Section 3. We discuss theories of 4D,
N = 2 supergravity coupled to vector multiplets with either Lorentzian or
Euclidean spacetime signature, and the reduction of such theories to three
dimensions over a spacelike or timelike circle. This provides the motiva-
tion for the choice of metric on the c-map target manifold. In Section 4 we
present our construction of the c-map. We provide a detailed description of
the target space topology, metric and ε-quaternionic structure. The explicit
calculation of the Levi-Civita connection is postponed until Section 5, where
we discuss each c-map on a case-by-case basis. In this section we also prove
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the existence of two integrable ε-complex structures on the c-map target
manifold. Finally, in Section 6 we discuss the complementary approach to
describing c-map target manifolds locally as group bundles. Throughout
this paper we will use the index conventions
A,B,C, . . . = 1, . . . , n , m, p, q, . . . = 1, . . . , 2n ,
I, J,K, . . . = 0, . . . , n , a, b, c, . . . = 0, . . . , 2n + 1 .
2 ε-Ka¨hler and ε-quaternionic Ka¨hler geometry
2.1 ε-Ka¨hler manifolds
In this section we review ε-complex and ε-Ka¨hler manifolds, and provide
some examples which we will use later in the paper. The concepts of ε-
complex geometry allow us to talk about complex and para-complex geom-
etry in parallel. Intuitively, para-complex geometry differs from complex
geometry by replacing the field of complex numbers C by the ring of para-
complex numbers C = R⊕ eR, where e is the para-complex imaginary unit
satisfying
e2 = 1 , e¯ = −e .
We assume that the reader is familiar with the definitions and the rele-
vant properties of para-complex, para-Hermitian and para-Ka¨hler manifolds,
which can be found, for instance, in [1]. As in [3] we will use a unified ε-
complex notation and terminology, where ε = −1 refers to the complex case
and ε = 1 to the para-complex case. Thus, for example, we will use the
symbol iε to denote the complex imaginary unit i in the case ε = −1 and
the para-complex imaginary unit e in the case ε = 1 such that
i2ε = ε1, i¯ε = −iε.
We denote by Cε = R[iε] the ring of ε-complex numbers. Similarly, an
almost ε-complex structure J on a real differentiable manifold M is a field
of endomorphisms of the tangent bundle TM such that J2 = ε1, and such
that the eigendistributions of J have equal rank. Our convention for the
relation between the ε-complex structure J , pseudo-Riemannian metric g
and ε-Ka¨hler form ω on an ε-Ka¨hler manifold (M,J, g) is
ω = εg(J ·, ·) . (3)
Among the simplest examples of ε-Ka¨hler manifolds are spaces of con-
stant ε-holomorphic sectional curvature, which are always (pseudo-)Riemann-
ian locally symmetric spaces. As we will see later c-map spaces are fibre bun-
dles over special ε-Ka¨hler manifolds with fibres of constant ε-holomorphic
sectional curvature. Therefore we will now discuss these spaces in some
detail.
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2.1.1 ε-complex vector spaces
The construction of ε-Ka¨hler metrics that we are going to present is a gen-
eralisation of the well-known Fubini-Study metric on complex projective
spaces CPn. Consider the vector space Rn+1⊕Rn+1 = R2n+2 with coordi-
nates
(x,y) =
(
xI , yJ
)
, I, J = 0, . . . , n .
We introduce a scalar product
〈(x,y), (u,v)〉 = η(x,u) − εη(y,v) ,
on R2n+2, where η(·, ·) is a scalar product of signature (k, ℓ) on Rn+1. In
terms of orthonormal coordinates on Rn+1 we have
η(x,u) = ηIJx
IuJ ,
where (ηIJ) = diag(1k,−1ℓ). Thus 〈·, ·〉 is a scalar product of signature
(2k, 2ℓ) if ε = −1 and of signature (n+ 1, n+ 1) if ε = 1.
Next, we define an ε-complex structure on R2n+2 by
J(x,y) = (εy,x) .
Note that J is skew with respect to 〈·, ·〉, so that (R2n+2, J, 〈·, ·〉) is an ε-
Hermitian vector space, that is a (pseudo-)Hermitian vector space6 if ε = −1
and a para-Hermitian vector space if ε = 1.
We identify (R2n+2, J) with the standard ε-complex vector spaceCn+1ε =
R
n+1 ⊕ iεRn+1 by means of the isomorphism
C
n+1
ε ∋ z = x+ iεy 7→ (x,y) ∈ R2n+2 .
This identifies J with the standard ε-complex structure on Cn+1ε , that is
Jz = iεz. On C
n+1
ε we consider the ε-Hermitian form
γ(z,w) = ηIJz
Iw¯J , (4)
which is of complex signature (k, ℓ) if ε = −1. Using the isomorphism
C
n+1
ε ≃ R2n+2, we can write it as
γ = 〈·, ·〉 + εiε〈J ·, ·〉. (5)
In coordinates it is given by
γ((x,y), (u,v)) = ηIJx
IuJ − εηIJyIvJ + iε
(
ηIJy
IuJ − ηIJxIvJ
)
= ηIJz
Iw¯J = γ(z,w) ,
where z = x+ iεy, w = u+ iεv.
6Since we will frequently deal with indefinite scalar products, we will usually omit the
prefix ‘pseudo-’.
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2.1.2 Spaces of ε-complex lines
We continue to consider the ε-complex vector space Cn+1ε = (R
2n+2, J),
equipped with the ε-Hermitian form (5).
Consider the open subset
D = Dε =
{
{v ∈ R2n+2|〈v, v〉 > 0} if ε = −1
{v ∈ R2n+2|〈v, v〉 6= 0} if ε = +1 ,
and define the space of ε-complex lines
P (D) = D/ ∼ , where v ∼ v′ ⇔ (R+RJ)v = (R+RJ)v′ .
This can be viewed as taking a quotient with respect to the natural action
v 7→ zv of the group of units
C
∗
ε = {z ∈ Cε|z invertible} ⊂ Cε ,
of the ring Cε. Since this group will play some role in the following, let us
make some remarks.
Remark 1. In the complex case C∗ε is the multiplicative group C
∗ of non-
zero complex numbers, which is connected. In contrast, the para-complex
numbers z = x + ey that are not invertible are precisely those which are
located on the light cone x2 − y2 = 0, and the group of para-complex units
C∗ has four connected components:
C∗ = C∗0 ∪ eC∗0 ∪ −C∗0 ∪ −eC∗0 ,
where C∗0 is the connected component of unity.
Remark 2. Note that when defining D we have excluded not only the zero
vector but all null vectors. This is done for two reasons. In fact, in the case
ε = 1 there exist non-zero singular vectors, that is vectors v such that the
orbit C∗v is of lower dimension than 2. In order to obtain a free action of
C∗ we therefore need to exclude such vectors. This is ensured by excluding
null vectors. Another reason is that, as we will see below, in order to define
the induced metric on P (D) we will have to divide by 〈v, v〉. Finally, in the
case ε = −1, to avoid jumping of the signature of the metric on the quotient
we restrict to spacelike complex lines. The restriction to spacelike lines is
no loss of generality, since we can always multiply the metric by −1. Notice
that in the case ε = 1 multiplication by e maps spacelike to timelike vectors
and vice-versa, and therefore there is no notion of spacelike (nor timelike)
para-complex lines.
The group C∗ε acts freely and properly on D by ε-holomorphic transfor-
mations. Therefore, P (D) is a smooth ε-complex manifold and π : D →
P (D) is an ε-holomorphic C∗ε-principal bundle.
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Using the ε-Hermitian form γ on Cn+1ε , we define an ε-Hermitian form
γ¯ on P (D) by
γ′(u, v)p = γ¯π(p)(dπpu, dπpv) =
γ(u, v)γ(p, p) − γ(u, p)γ(p, v)
γ(p, p)2
,
where p ∈ D and u, v ∈ TpD ≃ R2n+2. In terms of ε-complex coordinates,
this sesquilinear form corresponds to the following tensor field on D:
γ′ =
(
ηKLz
K z¯L
)
ηIJ − (ηz¯)I(ηz)J
(ηKLzK z¯L)
2 dz
I ⊗ dz¯J .
To see that this defines an ε-Hermitian metric on P (D), we first note that
γ′ is manifestly invariant under C∗ε. Moreover it is easy to see that γ
′(ξ, ·) =
0 = γ′(Jξ, ·), where ξ = zI ∂
∂zI
+ z¯I ∂
∂z¯I
is the position vector field on D.
Thus γ′ is also horizontal with respect to the C∗ε-action and hence can be
pushed down to P (D). Since the kernel of γ′ is spanned by ξ, Jξ, it defines
a non-degenerate ε-Hermitian metric on P (D).
Consequently the real part
g′(u, v)p =
〈u, v〉〈p, p〉 − 〈u, p〉〈v, p〉 + ε〈u, Jp〉〈v, Jp〉
〈p, p〉2 ,
of γ′ defines a metric g¯ on P (D) such that g′ = π∗g¯. The degenerate tensor
field g′ on D, when expressed in ε-complex coordinates, is
g′ = gIJ¯dz
Idz¯J =
1
(ηKLzK z¯L)
2
((
ηKLz
K z¯L
)
ηIJ − ηIK z¯KηJLzL
)
dzIdz¯J .
This symmetric tensor field can be locally expressed using a potential K,
which is given by the logarithm of the squared length of the position vector
field:
gIJ¯ =
∂2K
∂zI∂z¯J
,
where
K = log |ηKLzK z¯L| = log |〈ξ, ξ〉| .
We can also describe the metric g¯ using inhomogeneous coordinates on P (D),
instead of using the symmetric tensor field g′ on D. If we identify P (D) lo-
cally with the hypersurface z0 = 1 the associated inhomogeneous coordinates
are zA, A = 1, . . . , n. In terms of these coordinates,
g¯ =
(
1− η¯CDzC z¯D
)−2 (− (1− η¯CDzC z¯D) η¯AB − η¯AC z¯C η¯BDzD) dzAdz¯B .
For later convenience we have taken η00 = 1, which will cover all cases
relevant to us, and defined η¯AB = −ηAB . Thus η¯AB has signature (ℓ, k− 1).
The tensor g¯ is an ε-Ka¨hler metric on P (D) with ε-Ka¨hler potential
K¯ = log |1− η¯ABzAz¯B | . (6)
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It is straightforward to check that the ε-Ka¨hler metric g¯ has constant ε-
holomorphic sectional curvature, that is the sectional curvature of a J-
invariant plane does not depend on the chosen plane. We will recover this
later using an alternative description of these spaces (with the exception of
CPn) in terms of open orbits of solvable Lie groups. It is known7 that ε-
Ka¨hler spaces with constant ε-holomorphic sectional curvature c are locally
symmetric and locally uniquely determined by the value of the constant
c. Next we discuss in more detail the spaces P (D) as globally symmetric
ε-Ka¨hler spaces, which we represent as coset spaces.
2.1.3 Representation as symmetric spaces
The space P (D) is the space of ε-complex lines in an open subset D of the
ε-complex vector space Cn+1ε . We will now describe it as a symmetric space.
Let G ⊂ GL(2n+2,R) be the ε-unitary group of Cn+1ε = R2n+2, that is the
group of ε-complex linear transformations which leave the scalar product
〈·, ·〉 invariant. For ε = −1 this is the (pseudo-)unitary group U(k, ℓ), while
for ε = 1, G is the para-unitary group, which is isomorphic to GL(n+1,R)
[1]. More precisely, the representation of the para-unitary group on R2n+2
is equivalent to the sum of the standard (n+ 1)-dimensional representation
of GL(n + 1,R) and its dual. Since the group G acts transitively on P (D)
we can identify P (D) with the corresponding homogeneous space
P (D) ≃ G/H ,
where H is the stabiliser of an ε-complex line. We notice that already
the special (pseudo-)unitary group SU(k, ℓ), respectively the special para-
unitary group SL(n+ 1,R), acts transitively on P (D). For notational con-
venience we prefer to work with the full ε-unitary group. Let us consider
the possible cases in turn.
1. For ε = −1 and ηIJ = δIJ the Hermitian form is invariant under
U(n + 1) and η¯AB = −δAB . The stabiliser of a complex line in
C
n+1 is U(1) × U(n). The resulting complex projective space is the
symmetric space
P (D) = CPn ≃ U(n+ 1)/(U(1) × U(n)) ,
and the corresponding Ka¨hler metric is the Fubini-Study metric:
K¯ = log
(
1 + δABz
Az¯B
)
, g¯ =
(
1 + δCDz
C z¯D
)
δAB − z¯AzB
(1 + δCDzC z¯D)
2 dz
Adz¯B ,
where zA = δABz
B = zA.
7This can be proven as in the case of (positive definite) Ka¨hler manifolds of constant
holomorphic sectional curvature, see [65, Ch. IX, Thm. 7.9].
17
2. For ε = −1 and (ηIJ) = diag(1,−1n), the Hermitian form is invariant
under U(1, n) and η¯AB = δAB . Complex lines are stabilised by U(1)×
U(n). The resulting symmetric space is the complex hyperbolic space
P (D) = CHn ≃ U(1, n)/(U(1) × U(n)) ,
which is the dual, in the sense of Riemannian symmetric spaces, of
CPn. We remark that both spaces are real forms of GL(1 + n,C)/
(GL(1,C) ×GL(n,C)). The Ka¨hler metric g¯ defined in the previous
section is negative definite and coincides with the complex hyperbolic
metric up to sign:
K¯ = log
(
1− δABzAz¯B
)
, g¯ = −
(
1− δCDzC z¯D
)
δAB + z¯AzB
(1− δCDzC z¯D)2
dzAdz¯B ,
where zA = η¯ABz
B = zA.
3. For ε = −1 and (ηIJ) = diag(1k,−1ℓ), the Hermitian form is invariant
under U(k, ℓ) and lines are stabilised by U(1)×U(k−1, ℓ) and (η¯AB) =
diag(−1k−1,1ℓ). The resulting symmetric spaces
P (D) = CH(k−1,ℓ) ≃ U(k, ℓ)/(U(1) × U(k − 1, ℓ)) ,
are indefinite signature versions of the Hermitian symmetric spaces
CPn and CHn. We remark that they are again real forms of GL(1 +
n,C)/(GL(1,C)×GL(n,C)). The resulting pseudo-Ka¨hler metric has
complex signature (k − 1, ℓ):
K¯ = log
(
1− η¯ABzAz¯B
)
, g¯ = −
(
1− η¯CDzC z¯D
)
η¯AB + z¯AzB
(1− η¯CDzC z¯D)2
dzAdz¯B ,
since (η¯AB) has signature (ℓ, k − 1), and where zA = η¯ABzB .
4. We finally consider the para-complex case, ε = 1. The stabiliser of a
point of P (D) under the para-unitary group GL(n+1,R) isGL(1,R)×
GL(n,R). The resulting space
P (D) = CHn ≃ GL(n + 1,R)/GL(1,R) ×GL(n,R) ,
is the para-complex analogue of any of the above spaces, which for
convenience is referred to as para-complex hyperbolic space. The
corresponding symmetric space is yet another real form of GL(n +
1,C)/(GL(1,C) × GL(n,C)). The resulting para-Ka¨hler metric has
real signature (n, n) irrespective of the signature of (ηIJ ) = (1,−(η¯AB)):
K¯ = log |1− η¯ABzAz¯B |, g¯ = −
(
1− η¯CDzC z¯D
)
η¯AB + z¯AzB
(1− η¯CDzC z¯D)2 dz
Adz¯B ,
where zA = η¯ABz
B .
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2.1.4 Realisation as a solvable Lie group
Recall that the Iwasawa subgroup L of a non-compact semi-simple group G
is the maximal triangular (and, hence, solvable) Lie subgroup of G, which is
unique up to conjugation. As a consequence of the Iwasawa decomposition it
acts simply transitively on the corresponding Riemannian symmetric space
of the non-compact type G/H, which is defined as the quotient of G by its
maximal compact subgroupH, which is unique up to conjugation. Standard
examples include hyperbolic spaces such as G/H = SU(1, n˜ + 2)/S(U(1) ×
U(n˜+2)). This allows us to identify G/H with L and to compute geometric
quantities on G/H, such as the Levi-Civita connection and curvature, purely
algebraically on the Lie algebra l of L. On pseudo-Riemannian symmetric
spaces G/H the group L, in general, no longer acts transitively, but it may
still act at least with open orbit such that we can still identify the symmetric
space with L locally and perform computations on l. This is indeed the case
for all non-compact symmetric spaces of constant ε-holomorphic sectional
curvature considered in the previous subsection. In fact, in this section,
we show explicitly that the Iwasawa subalgebra l ⊂ su(1, n˜ + 2) can be
equipped with a scalar product 〈·, ·〉 and ε-complex structure J , such that
the metric on L obtained by left-invariant extension of the scalar product
is ε-Ka¨hler and has constant ε-holomorphic sectional curvature. Depending
on our choice of scalar product, this provides a local description of CH n˜+2,
CH(k˜−1,ℓ˜) where k˜ + ℓ˜ = n˜+ 3, or CH n˜+2 in terms of a solvable Lie group
equipped with a left-invariant ε-Ka¨hler metric.
We start by reviewing the standard realisation of the Lie algebra l of the
Iwasawa subgroup L ⊂ SU(1, n˜ + 2). The (2n˜+ 4)-dimensional Lie algebra
l admits the decomposition
l = V ⊕RZ0 ⊕RD ,
where V = R2n˜+2 is the abelian Lie algebra of dimension 2n˜ + 2. The
non-trivial commutators are
[X,Y ] = ω(X,Y )Z0 , [D,X] =
1
2
X , [D,Z0] = Z0 , (7)
where X,Y ∈ V , and where ω is a non-degenerate symplectic form on V .
Thus Z0 extends V into the standard Heisenberg Lie algebra of dimension
2n˜ + 3 on which D acts as a derivation. We choose an ω-skew-symmetric
ε-complex structure J on V which is extended to l by setting
JD = −Z0 , JZ0 = −εD .
On V this determines the (possibly indefinite) scalar product 〈·, ·〉 = ω(J ·, ·)
which we extend orthogonally to span{Z0,D} by
〈D,D〉 = 1 , 〈D,Z0〉 = 0 , 〈Z0, Z0〉 = −ε .
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This also determines the extension of the symplectic form to l by ω(D,Z0) =
1. Since the ε-complex structure is skew-symmetric with respect to the scalar
product, J ∈ so(l, 〈·, ·〉), we can express it in terms of bivectors as
J = D ∧ Z0 + J ◦ prV ,
using the convention that
(X ∧ Y )(Z) = X〈Y,Z〉 − Y 〈X,Z〉 ,
for X,Y,Z ∈ l. Here prV denotes the projection onto V .
By identification of l with the Lie algebra of left-invariant vector fields on
the associated Lie group L, we obtain a left-invariant metric gL, ε-complex
structure J , and symplectic form ω on L. To compute the Levi-Civita
connection ∇ on L we use the Koszul formula:
2〈∇XY,Z〉 = X〈Y,Z〉+ Y 〈X,Z〉 − Z〈X,Y 〉
+〈[X,Y ], Z〉 − 〈X, [Y,Z]〉 − 〈Y, [X,Z]〉 , (8)
where X,Y,Z are vector fields on L. It is sufficient to evaluate for left-
invariant vector fields, in which case the first three terms on the right hand
side are zero. The remaining terms can be evaluated using the scalar product
and commutator relations of l.
The result can be summarised as follows:
∇D = 0 ,
∇Z0 = D ∧ Z0 +
1
2
J ◦ prV ,
∇X = 1
2
D ∧X + ε
2
Z0 ∧ JX , ∀X ∈ V .
Here ∇X , with X ∈ l, is interpreted as an endomorphism of l.
It is straightforward to verify that
∇X(JY ) = J∇XY ∀X,Y ∈ l .
Thus the ε-complex structure is parallel, ∇J = 0, and in particular inte-
grable. We conclude that the metric gL on L is a left-invariant ε-Ka¨hler
metric.
The curvature of the connection ∇ is computed by the formula
R(X,Y ) = [∇X ,∇Y ]−∇[X,Y ] .
R(X,Y ) can be interpreted as a skew endomorphism of l, and thus be com-
puted on l. When evaluating commutators of skew endomorphisms, the
following formula is useful:
[X∧Y,Z∧W ] = (X∧W )〈Y,Z〉+(Y ∧Z)〈X,W 〉−(X∧Z)〈Y,W 〉−(Y ∧W )〈X,Z〉 .
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It is straightforward to show that R(X,Y ) takes the canonical form
R(X,Y ) = R(X,Y )can = −1
4
(X ∧ Y − εJX ∧ JY + 2ω(X,Y )J) ,
and one easily verifies that the ε-holomorphic sectional curvature is −1:
〈R(X,JX)canJX,X〉
〈X ∧ JX,X ∧ JX〉 = −1 .
For later applications is useful to introduce a Darboux basis (Y i,Xj)i,j=0,...,n˜
of V :
ω(Y i,Xj) = δ
i
j ⇒ [Y i,Xj ] = δijZ0 .
The Gram matrix of the scalar product 〈·, ·〉 on V with respect to this basis
is given by
〈Y i, Y j〉 = η˜ij , 〈Xi,Xj〉 = −εη˜ij ,
where η˜ij has signature (ℓ˜ − 1, k˜ − 1), (with k˜ + ℓ˜ = n˜ + 3, where dimV =
2n˜+2) and where η˜ikη˜kj = δ
i
j . This determines the expression of J on V in
this basis:
JY i = −η˜ijXj , JXi = −εη˜ijY j .
We can choose the Darboux basis such that η˜ij is diagonal with entries ±1.
Now, to finish this subsection, we would like to indicate which scalar
products on V correspond to which of the symmetric spaces of constant
ε-holomorphic sectional curvature discussed in the previous subsection. At
this point we anticipate some results which will be proven in Section 6. We
will see in Section 6 that c-map spaces are fibre bundles over projective
special ε-Ka¨hler manifolds, where the fibre is precisely the solvable Iwasawa
group L of SU(1, n˜+2) equipped with a left-invariant ε-Ka¨hler metric which
depends on the base point. (Here n˜ is the complex dimension of the base
manifold.) The c-map will provide coordinates on L, which easily allow one
to find the associated ε-Ka¨hler potential. By comparing to the ε-Ka¨hler po-
tentials listed in Section 2.1.3 we will then be able to identify the symmetric
spaces that actually occur in the context of the c-map. For convenience we
already summarise the result here:
1. For ε = −1 and η˜ij = δij , we obtain the complex hyperbolic space
CH n˜+2 equipped with the positive definite metric −g¯.
2. For ε = −1 and η˜ij a matrix of signature (ℓ˜ − 1, k˜ − 1) we obtain
the indefinite complex hyperbolic space CH(ℓ˜,k˜−1) equipped with the
metric −g¯ of complex signature (ℓ˜, k˜ − 1).
3. For ε = 1 and any signature of η˜ij we obtain the para-complex hy-
perbolic space CH n˜+2, equipped with the metric −g¯ of real signature
(n˜+ 2, n˜ + 2).
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Note that when choosing ε = −1 and a positive definite scalar product on
V , we do not obtain a metric on the compact space CP n˜+2, but a positive
definite metric on its non-compact dual CH n˜+2. We will see in Section 6
why the compact space CP n˜+2 cannot arise in the context of the c-map.
2.2 Special ε-Ka¨hler manifolds
For later use we now review special ε-Ka¨hler manifolds, following the defi-
nitions and theorems stated in [3].
Definition 1. An affine special ε-Ka¨hler (ASεK) manifold (M,J, g,∇) is
an ε-Ka¨hler manifold (M,g, J) endowed with a flat torsion-free connection
∇ such that
1. ∇ is symplectic with respect to the ε-Ka¨hler form, i.e. ∇ω = 0.
2. ∇J is a symmetric (1,2)-tensor field, i.e. (∇XJ)Y = (∇Y J)X for all
X,Y .
Every simply connected ASεK manifold admits a canonical realisation
as an immersed Lagrangian submanifold of the ε-complex symplectic vector
space T ∗Cn+1ε = C
2n+2
ε , such that the special geometry of M is induced by
the immersion, where n + 1 is the ε-complex dimension of M . From this
one obtains the local characterisation of an ASεK manifold in terms of an
ε-holomorphic prepotential. For any given p ∈ M one can choose linear
symplectic coordinates(
XI ,WJ
)
=
(
xI + iεu
I , yJ + iεvJ
)
, I, J = 0, . . . , n,
in C2n+2ε such that the symplectic form is given by dX
I ∧ dWI and the
functions XI restrict to a system of local ε-holomorphic coordinates near p,
which we call special ε-holomorphic coordinates. The Lagrangian submani-
fold is then defined by equations of the form WI = FI(X) :=
∂F (X)
∂XI
, where
F (X) = F (X0, . . . ,Xn) is an ε-holomorphic function, which is called the
prepotential. The metric is given by
g = NIJ dX
IdX¯J , NIJ = −iε(FIJ − F¯IJ) , (9)
where FIJ are the second derivatives of the prepotential F , and a Ka¨hler
potential is therefore
K = −iε(XI F¯I − FIX¯I) .
On M the 2n + 2 globally-defined real functions
(qa) =
(
xI , yJ
)
, a = 0, . . . , 2n + 1 ,
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form a local system of ∇-affine coordinates about any point, which we call
special real coordinates. Both special ε-holomorphic and special real coordi-
nates are useful when investigating ASεK geometry, although many of the
new results in this paper will be presented in terms of the latter. The Ka¨hler
form and metric are given by the following globally-defined expressions
ω = Ωab dq
a ∧ dqb = 2dxI ∧ dyI , (Ωab) =
(
0 1n+1
−1n+1 0
)
,
g = Hab dq
a ⊗ dqb = Hab dqadqb, Hab = ∂
2
∂qa∂qb
H , (10)
where H is a globally-defined real function called the Hesse potential.
The ε-complex structure is determined by the metric and Ka¨hler form
according to (3)
J = −12ΩacHcb
∂
∂qa
⊗ dqb , (11)
and J2 = εId ensures that
HabΩ
bcHcd = ε4Ωad . (12)
The matrix (Hab) is related to (FIJ) by
(Hab) =
(
N − εRN−1R ε2RN−1
ε2N−1R −ε4N−1
)
, (13)
where
FIJ =:
1
2
(RIJ − εiεNIJ) .
The imaginary part of the ε-holomorphic prepotential is related to the
Hesse potential by a Legendre transform H(x, y) = −ε(2ImF (X(x, y)) −
2yIu
I(x, y)), which replaces the uI with yI as independent functions [66].
Definition 2. A conic affine special ε-Ka¨hler (CASεK) manifold (M,J, g,∇, ξ)
is an ASεK manifold (M,J, g,∇) equipped with a vector field ξ such that
∇ξ = Dξ = Id ,
where D is the Levi-Civita connection.
The definition implies that Lξg = 2g and LJξg = 0, so that while ξ acts
homothetically, Jξ acts isometrically. Moreover the vector field ξ and, hence,
Jξ preserves J and the two vector fields generate an infinitesimal action
of a two-dimensional abelian Lie algebra. The corresponding condition on
the Hesse potential for an ASεK manifold to be conical is that it must
be homogeneous of degree two, once we have restricted the special real
coordinates such that ξ is the corresponding Euler field, ξ = qa ∂∂qa . Such
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special coordinates are called conical, and it is understood in the following
that special coordinates are conical.
As in [3] we will always assume that g(ξ, ξ) = 2H does not vanish on M ,
which will be used in (14). In addition, we will assume for simplicity that
M is simply connected and impose the following regularity assumption on
CASεK manifolds in order to discuss projective special ε-Ka¨hler manifolds
in a convenient way. We assume that the infinitesimal action generated by
ξ and Jξ is induced by a principal C∗ε-action on M and that the Lagrangian
immersion M → C2n+2ε is C∗ε-equivariant.
Consider the (0,2)-tensor field
h = − g
g(ξ, ξ)
+
g(·, ξ) ⊗ g(·, ξ) − εg(·, Jξ) ⊗ g(·, Jξ)
g(ξ, ξ)2
(14)
on a regular CASεK manifold, which is C∗ε-invariant and degenerate along
the orbits of the C∗ε-action. In terms of special ε-complex coordinates h is
given by
gIJ dX
IdX¯J =
(
− NIJ
XNX¯
+
(NX¯)I(NX)J
(XNX¯)2
)
dXIdX¯J , (15)
where (NX)I = NIJX
J and XNX¯ = NIJX
IX¯J , whilst in terms of special
real coordinates it is given by
hab dq
adqb =
(
− 1
2H
Hab +
1
4H2
HaHb − ε 1
H2
Ωacq
cΩbdq
d
)
dqadqb , (16)
where
(Ha) =
(
∂
∂qa
H
)
= (−ε2vI , ε2uJ )T . (17)
The requirement that a CASεK manifold M is regular ensures that the
projection π : M → M¯ onto the space of C∗ε-orbits is the quotient map of
a holomorphic principal bundle over an ε-complex manifold, and that the
(0,2)-tensor field h on M induces an ε-Ka¨hler metric g¯ on M¯ , such that
π∗g¯ = h. The ε-Ka¨hler manifold (M¯, J¯ , g¯) is called a projective special ε-
Ka¨hler (PSεK) manifold.8
The following remark will be used later.
Remark 3. Note in the case ε = 1 that the action of iε = e ∈ C∗ε = C∗
induces an anti-isometry of the CASεK manifold that sends (M,J, g,∇, ξ)
to (M,J,−g,∇, ξ) but preserves the C∗-invariant tensor h.
8In the case ε = 1 one may define instead a projective special para-Ka¨hler manifold as
the quotient Mˆ of M by the action of the connected group C∗0 which is related to M¯ by
the four-fold covering Mˆ → M¯ , see [3].
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The relation between a CASεK manifold and the associated PSεK man-
ifold is via an ε-Ka¨hler quotient and generalises the Fubini-Study-type con-
structions of the previous section. In terms of special coordinates (XI) on
M , the degenerate and C∗ε-invariant (0, 2) tensor h has a potential of the
form
Kh = − log | − iε(XI F¯I − FIX¯I)| ,
where gIJ =
∂2Kh
∂XI∂X¯J
in the expression (15) for h. One can describe (M¯, g¯)
using homogeneous special ε-holomorphic coordinates (XI) and the tensor
h. Alternatively, one can introduce, for X0 6= 0, inhomogeneous special
ε-holomorphic coordinates zA = X
A
X0
, where A = 1, . . . , n, and define an
associated prepotential F(z1, . . . , zn) by
F (X0, . . . ,Xn) = (X0)2F(z1, . . . , zn) .
Then the ε-Ka¨hler metric g¯ of M¯ has the ε-Ka¨hler potential
Kg¯ = − log |Y | , Y = iε
(
2(F − F¯)− (zA − z¯A)(FA + F¯A)
)
, (18)
where FA =
∂F
∂zA
. We note that we can identify M¯ locally with the subman-
ifold {X0 = 1} of M , in particular Kg¯ agrees with the pull-back of Kh to
{X0 = 1} up to an ε-Ka¨hler transformation.
The simplest class of examples is provided by models with a quadratic
prepotential
F =
εiε
4
ηIJX
IXJ ,
where we take ηIJ to be real and non-degenerate. The potential for the
tensor h is
Kh = − log |XIηIJX¯J | .
Evaluating this on the hypersurface X0 = 1, taking η00 = 1, and setting
η¯AB = −ηAB, we obtain the following ε-Ka¨hler potential on M¯ :
Kg¯ = − log |1− η¯ABzAz¯B | .
This agrees, up to an overall sign, with the ε-Ka¨hler potentials for the met-
rics on the spaces P (D) of ε-complex lines given in (6).
2.3 ε-quaternionic Ka¨hler manifolds
2.3.1 ε-quaternionic structure on a vector space
Recall that an ε-quaternionic structure on a real vector space V (of di-
mension 4n) is a Lie subalgebra Q ⊂ End(V ) spanned by three pairwise
anti-commuting endomorphisms J1, J2, J3 that satisfy the ε-quaternion al-
gebra
J1
2 = J2
2 = −εJ32 = ε , J1J2 = J3 .
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Such a triple (J1, J2, J3) is called a standard basis of Q. We call Q a quater-
nionic structure if ε = −1 and a para-quaternionic structure if ε = 1. If
V is endowed with a pseudo-Euclidean scalar product 〈·, ·〉 then Q is called
skew-symmetric if Q consists of skew-symmetric endomorphisms. This im-
plies that the signature of 〈·, ·〉 is of the form (4k, 4ℓ), where n = k + ℓ, if
ε = −1 and (2n, 2n) if ε = 1. An orthonormal frame of (V, 〈·, ·〉, Q) is called
an ε-quaternionic frame if it is of the form
(e1, . . . , en, J1e1, . . . , J1en, J2e1, . . . , J2en, J3e1, . . . , J3en) , (19)
where (J1, J2, J3) is any standard basis of Q and
〈e1, e1〉 = · · · = 〈ek, ek〉 = 1 and 〈ek+1, ek+1〉 = · · · = 〈ek+ℓ, ek+ℓ〉 = −1 .
The Gram matrix of the basis (19) defines a canonical scalar product 〈·, ·〉can
on R4n of signature (4k, 4ℓ) if ε = −1 or (2n, 2n) if ε = 1. We will denote
by Oε(4k, 4ℓ) the pseudo-orthogonal group with respect to 〈·, ·〉can, and by
soε(4k, 4ℓ) its Lie algebra.
Let us denote by Jcanα ∈ soε(4k, 4ℓ) the matrix which represents the
endomorphism Jα with respect to the basis (19). Then
Qcan := span{Jcanα |α = 1, 2, 3} ,
is a skew-symmetric ε-quaternionic structure on (R4n, 〈·, ·〉can). The triple
(R4n, 〈·, ·〉can, Qcan) is our standard model for a pseudo-Euclidean vector
space endowed with a skew-symmetric ε-quaternionic structure. We denote
by Spε(1) the group generated by the Lie algebra spε(1) := Q
can and by
Spε(k, ℓ) the centraliser of Spε(1) in Oε(4k, 4ℓ). The Lie algebra of that
centraliser is a real form of the complex Lie algebra of type Cn. The inner
product and ε-quaternionic structure are preserved by the group
Spε(1) · Spε(k, ℓ) =
{
Sp(1) · Sp(k, ℓ) ⊂ SO(4k, 4ℓ) if ε = −1
Sp(2,R) · Sp(2n,R) ⊂ SO(2n, 2n) if ε = +1 .
Notice that our notation is such that Sp(k, ℓ), k+ ℓ = n, and Sp(2n,R) are
real forms of the same complex Lie group Sp(2n,C).
2.3.2 The H ⊗ E formalism
Let E = C2n with standard basis BE = (E1, . . . ,E2n). On E one may de-
fine an anti-linear complex structure jE and non-degenerate skew-symmetric
bilinear form ωE that satisfy the following formulae
jEEA = EA+n , jEEA+n = −EA , A = 1, . . . , n
ωE =
n∑
A,B=1
ηABE
A ∧ EB+n ,
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where B∗E = (E
1, . . . ,E2n) is the basis of C2n∗ dual to BE and (ηAB) =
diag(1k,−1ℓ), with n = k+ ℓ. Complex conjugation is denoted by ρE . The
group Sp(k, ℓ) preserves both jE and ωE, the group Sp(2n,R) preserves both
ρE and ωE, and the symplectic form satisfies the following reality condition:
j∗EωE = ω¯E(= ρ
∗
EωE).
Let H = C2 denote a specific case of the above construction, where
the standard basis is denoted by BH = (h1, h2), the anti-linear complex
structure by jH , complex conjugation by ρH and the bilinear form by ωH .
Consider the 4n-dimensional complex vector space H⊗E with standard
basis (hA ⊗ Eµ)A=1,2;µ=1,...,2n. On H ⊗ E we may define the following:
(i) Two real structures jH ⊗ jE and ρH ⊗ ρE .
(ii) A C-bilinear scalar product 〈·, ·〉C = ωH ⊗ ωE.
(iii) Three skew-symmetric endomorphisms J1, J2, J3 that satisfy the ε-
quaternion algebra and act according to
J∗α(h
A ⊗ Eµ) = (JHα )AB hB ⊗ Eµ , JHα =
{
−iσα if ε = −1
τα if ε = +1,
(20)
where σα are the Pauli matrices
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
,
and
τ1 =
(
1 0
0 −1
)
, τ2 =
(
0 1
1 0
)
, τ3 =
(
0 1
−1 0
)
.
One may use the above data to construct an example of an ε-quaternionic
Hermitian vector space (V, 〈·, ·〉, Q) of real dimension 4n given by
V = (H ⊗ E)ρ , ρ =
{
jH ⊗ jE if ε = −1
ρH ⊗ ρE if ε = +1 ,
〈·, ·〉 = 〈·, ·〉C
∣∣∣
V
, Q = span{J1, J2, J3}
∣∣∣
V
. (21)
Since all ε-quaternionic Hermitian vector spaces of a given dimension are
isomorphic we may state the following proposition:
Proposition 1. Let (V, 〈·, ·〉, Q) be an ε-quaternionic Hermitian vector
space of real dimension 4n. Then we can identify V C = H ⊗ E such that
the properties (21) are satisfied.
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Indeed, a standard co-frame of H∗ ⊗ E∗ may be matched with an ε-
quaternionic co-frame of V ∗ through the expressions
hA ⊗ Eµ =
1√
2
(
e1 + iJ∗3 e
1 . . . en + iJ∗3 e
n J∗2 e
1 + iJ∗1 e
1 . . . J∗2 e
n + iJ∗1 e
n
−J∗2 e1 + iJ∗1 e1 . . . −J∗2 en + iJ∗1 en e1 − iJ∗3 e1 . . . en − iJ∗3 en
)
if ε = −1 and
hA ⊗ Eµ =
1√
2
(
e1 + J∗1 e
1 . . . en + J∗1 e
n −J∗3 e1 + J∗2 e1 . . . −J∗3 en + J∗2 en
J∗3 e
1 + J∗2 e
1 . . . J∗3 e
n + J∗2 e
n e1 − J∗1 e1 . . . en − J∗1 en
)
if ε = +1.
2.3.3 ε-quaternionic structure on the tangent bundle
The above notions can be easily transferred to vector bundles. For instance,
a (fibre-wise) ε-quaternionic structure in a vector bundle E → M is a sub-
bundle Q ⊂ End(E) such that Qp ⊂ End(Ep) is an ε-quaternionic structure
on Ep for all p ∈ M . One may introduce pairwise anti-commuting local
sections J1, J2, J3 of Q defined over an open subset U ⊂ M satisfying the
ε-quaternion algebra, such that Qp = span{(Jα)p|α = 1, 2, 3} for all p ∈ U .
A fibre-wise ε-quaternionic structure on the vector bundle TM is called an
almost ε-quaternionic structure on M . An almost ε-quaternionic structure
Q onM is called an ε-quaternionic structure if it is parallel with respect to a
torsion-free connection, which can be characterised by the property that the
covariant derivative of any section of Q in the direction of any vector field
is again a section of Q. If M is endowed with a pseudo-Riemannian metric
then an almost ε-quaternionic structure on M is called Hermitian if it con-
sists of skew-symmetric endomorphisms. A pseudo-Riemannian manifold of
real dimension 4n > 4 with almost ε-quaternionic Hermitian structure Q is
called ε-quaternionic Ka¨hler if Q is parallel with respect to the Levi-Civita
connection.
On a pseudo-Riemannian manifold (M,g) with almost ε-quaternionic
Hermitian structure we may use Proposition 1 to make the local identifica-
tion TMC = H ⊗ E, where H and E are (at least locally defined) complex
vector bundles of dimension 2 and 2n respectively, such that the metric and
ε-quaternionic structure satisfy (21). We call a local complex co-frame of
the form (UAµ) = (hA ⊗ Eµ) an ε-quaternionic vielbein. The metric takes
the form g = ǫAB ρµν U
Aµ ⊗ UBν and on T ∗M an ε-quaternionic vielbein is
subject to the reality condition
U¯
Aµ =
{
ǫAB ǫµν U
Bν if ε = −1
UAµ if ε = +1 ,
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where
(ǫAB) =
(
0 1
−1 0
)
, (ǫµν) =
(
0 1n
−1n 0
)
, (ρµν) =
(
0 η
−η 0
)
.
Recall that η = (ηAB) = diag(1k,−1ℓ), k+ℓ = n. An ε-quaternionic vielbein
may be identified with an ε-quaternionic co-frame through the expressions
given below Proposition 1.
On a manifold with almost ε-quaternion structure we call an adapted con-
nection a connection on TM for which the almost ε-quaternionic structure is
parallel. It is well-known from the theory of G-structures that, with respect
to a frame of the G-structure, the connection one-form of an adapted connec-
tion takes values in the Lie algebra g. An almost ε-quaternionic Hermitian
structure corresponds to a G-structure with Lie group G = Spε(1) ·Spε(k, ℓ)
and therefore the connection one-form of an adapted connection takes val-
ues in spε(1)⊕ spε(k, ℓ). Since this is a subalgebra of soε(4k, 4ℓ) an adapted
connection is automatically metric compatible. In an ε-quaternionic vielbein
basis the connection one-form Ω of an adapted connection takes the form
Ω = p⊗ 12n + 12 ⊗
(
q t
−s −ηqT η
)
, (22)
where p is a 2× 2 matrix satisfying
p ∈
{
sp(1) ⇔ Tr(p) = 0 , p† + p = 0 if ε = −1
sp(2,R) ⇔ Tr(p) = 0 , p = p¯ if ε = +1 ,
and q, s, t are n× n matrices satisfying(
q t
−s −ηqT η
)
∈{
sp(k, ℓ) ⇔ t = ηtT η , s = t¯ , q†η + ηq = 0 if ε = −1
sp(2n,R) ⇔ t = ηtT η = t¯ , s = ηsT η = s¯ , q = q¯ if ε = +1 .
The coefficients of the torsion tensor are given by
TAµ = dUAµ +ΩAµ
Bν ∧ UBν .
Notice that the connection matrix (ΩAµ
Bν) has the following structure, see
(22):
ΩAµ
Bν = Ω
A
Bδ
µ
ν + δ
A
BΩ
µ
ν ,
where (ΩAB) ∈ spε(1) and (Ωµν ) ∈ spε(k, ℓ). If the torsion vanishes then the
adapted connection coincides with the Levi-Civita connection and the man-
ifold is ε-quaternionic Ka¨hler. Alternatively, if the Levi-Civita connection
one-form takes values in spε(1)⊕spε(k, ℓ) when written in an ε-quaternionic
vielbein basis then the manifold is ε-quaternionic Ka¨hler.
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3 Dimensional reduction of four-dimensional vec-
tor multiplets
3.1 Four-dimensional vector multiplets
Our starting point is the bosonic part of the Lagrangian for n = n
(4)
V N = 2
vector multiplets coupled to supergravity, as given by (7.9) of [3]:
e−14 L
(ǫ1)
4 =
1
2
R4 − g¯AB∂µˆzA∂µˆz¯B + 1
4
IIJF
I
µˆνˆF
J |µˆνˆ +
1
4
RIJF
I
µˆνˆF˜
J |µˆνˆ . (23)
In the following we will explain each term appearing in this expression. R4
and e4 are the four-dimensional Ricci scalar and vielbein, and µˆ, νˆ, . . . are
four-dimensional space-time indices. We employ a notation which applies
to standard (Lorentzian) and Euclidean supergravity simultaneously. The
main difference between Euclidean and standard vector multiplets is that the
complex structure of the scalar manifold M¯ is replaced by a para-complex
structure [1, 3], and thus we use the ε-complex notation introduced pre-
viously. From now on the parameter ǫ1 distinguishes between Lorentzian
space-time (ǫ1 = −1) and Euclidean space-time (ǫ1 = 1).
The ǫ1-complex scalar fields z
A are local coordinates of a PSǫ1K mani-
foldM with metric g¯ = g¯ABdz
Adz¯B , where g¯AB is the ǫ1-Ka¨hler metric with
ǫ1-Ka¨hler potential Kg¯ given in (18). For ǫ1 = −1 this is the well known pro-
jective special Ka¨hler geometry of vector multiplets in the ‘new conventions’
of [67], while for ǫ1 = 1 this is the projective special para-Ka¨hler geometry
of Euclidean vector multiplets which was defined in [3]. The scalar metric
g¯ has positive signature (2n, 0) for ǫ1 = −1 and split-signature (n, n) for
ǫ1 = 1.
The original construction of the vector multiplet Lagrangian in Lorentzian
signature was performed using the superconformal calculus [6]. This employs
an auxiliary theory of n+1 rigid superconformal vector multiplets with com-
plex scalars XI , I = 0, . . . , n, which are local coordinates of a CASK man-
ifold M . After gauging the superconformal transformations the theory be-
comes gauge equivalent to a theory of n vector multiplets coupled to Poincare´
supergravity. This construction is reviewed in [21]. The scalar metric g¯ is
obtained from the scalar metric g = NIJdX
IdX¯J of the scalar manifold
M of the associated superconformal theory by gauge fixing the local sym-
metry group C∗ ≃ R>0 × U(1), where R>0 are dilatations, while the chiral
U(1) transformations are part of the R-symmetry group U(1)×SU(2) of the
N = 2 supersymmetry algebra. In [3] it was shown how this procedure can
be adapted to Euclidean vector multiplets, where the scalar manifold M is a
conical affine special para-Ka¨hler manifold, and where the symmetry group
is R>0 × SO(1, 1) ⊂ C∗ = R>0 × O(1, 1) [1]. While in this paper we find
it convenient to define projective special para-Ka¨hler manifolds by dividing
out the full group C∗, only the subgroup SO(1, 1) ⊂ O(1, 1) is part of the R-
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symmetry group SO(1, 1)×SU(2) of the Euclidean supersymmetry algebra.
Consequently only the group R>0 × SO(1, 1) is a symmetry of the super-
conformal Lagrangian. But as explained previously, dividing out the group
R
>0 × SO(1, 1) leads to the same scalar manifold M¯ , provided that we re-
strict to the subset on which the function −iǫ1(XI F¯I−FIX¯I) = −NIJXIX¯J
is positive. We remark that SO(1, 1) ≃ GL(1,R) is the para-unitary group
Uǫ1(1), ǫ1 = 1.
The relations between the superconformal theories and the supergrav-
ity theories are given by ǫ1-complex versions of the standard formulae of
special Ka¨hler geometry, which were presented in Section 2.2. It is possi-
ble to rewrite the scalar term using ǫ1-complex scalar fields which are local
coordinates of the associated CASǫ1K manifold M :
g¯AB∂µˆz
A∂µˆz¯B = gIJ∂µˆX
I∂µˆX¯J
∣∣∣
D
, (24)
where the D-gauge
−iǫ1(XI F¯I − FIX¯I) = 1
has been imposed. Here gIJ are the coefficients of the pullback h = π
∗g¯
of the PSǫ1K metric g¯ to M , which are given by (15). The D-gauge re-
stricts the scalars XI to a real hypersurface S ⊂ M , and since the right
hand side is in addition invariant under local Uǫ1(1) transformations, the
n + 1 ǫ1-complex fields X
I represent as many physical degrees of freedom
as the fields zA. While it is possible to gauge-fix the residual local U(1)ǫ1
symmetry too, we prefer not to do so at this point, because this allows
us to keep all expressions manifestly covariant under symplectic transfor-
mations. The field equations of N = 2 supergravity are invariant under
electric-magnetic duality transformations, which act by Sp(2n+2,R) trans-
formations.9 Under these transformations (XI , FI)
T transforms as a vector,
while the transformation of zA = XA/X0 is non-linear.
The remaining two terms in (23) involve the abelian field strengths F Iµˆνˆ
and their Hodge-duals F˜ Iµˆνˆ . As with the scalar term, the couplings IIJ and
RIJ can be expressed in terms of the prepotential F (X
0, . . . ,Xn). The
relevant formula is
NIJ = RIJ + iǫ1IIJ = F¯IJ (z¯)− ǫ1iǫ1
(Nz)I(Nz)J
zNz
,
where we defined z0 = 1, and where NIJ are the coefficients of the metric g
on the CASǫ1K manifold M , which are given by (9). We use a short-hand
notation where (Nz)I := NIJz
J and zNz := zINIJz
J .
The negative imaginary part −IIJ of the vector coupling matrix NIJ
determines the kinetic terms for the vector fields. Therefore it must be
positive definite in Lorentzian space-time signature. It is known that by
9We refer to [68] for a review of symplectic transformations for N = 2 vector multiplets.
31
choosing g = NIJdX
IdX¯J to have signature (2n, 2), the scalar couplings
g¯AB and vector couplings −IIJ are positive definite. We remark that both
−IIJdXIdX¯J and g = NIJdXIdX¯J can be viewed as metrics on the scalar
manifoldM , and are related to one another by a simple geometric operation
which flips the signature along a complex one-dimensional subspace [45].
In the Euclidean case the metric−IIJdXIdX¯J always has split-signature,
irrespective of the signature of the real matrix −IIJ . If the Euclidean the-
ory has been obtained by dimensional reduction of a five-dimensional theory
with respect to time, then the matrix −IIJ has Lorentz signature (n, 1), with
the negative definite direction corresponding to the Kaluza-Klein vector.
The metrics g and g¯ are para-Ka¨hler and have split-signature (n+1, n+ 1)
and (n, n), respectively.
Electric magnetic duality acts on the gauge fields through the linear
action of Sp(2n+ 2,R) on the vector (F Iµˆνˆ ,NIJF
J
µˆνˆ)
T .
3.2 Reduction to three dimensions
We now carry out the reduction of the four-dimensional vector multiplet
Lagrangian (23) to three dimensions. This type of calculation is standard,
so we will not give many details, though we need to specify our notation
and conventions. If we start with Lorentzian signature (ǫ1 = −1) in four-
dimensions we have the option to either reduce over space, or over time,
which will be distinguished by a new parameter ǫ2, where ǫ2 = −1 for
spacelike reduction and ǫ2 = 1 for timelike reduction. If we start with a
Euclidean theory (ǫ1 = 1), then we can only reduce over space, so ǫ2 = −1.
All three cases will be treated simultaneously up to a certain point.
The reduction is performed along the lines of [48], with the following
modifications: (i) we now include the reduction of four-dimensional Eu-
clidean theories, (ii) some fields have been renamed, (iii) the definition of
the Riemann tensor has been changed by an overall sign. For complete-
ness, we briefly review the relation between the four-dimensional and three-
dimensional quantities. Four-dimensional indices µˆ, νˆ, . . . are split into three-
dimensional indices µ, ν, . . . and the index y, which refers to the dimension
we reduce over. We decompose the four-dimensional metric
ds24 = −ǫ2eφ(dy + Vµdxµ)2 + e−φgµνdxµdxν
into a three-dimensional metric gµν , the Kaluza-Klein vector Vµ and the
Kaluza-Klein scalar φ. The four-dimensional vector fields have been decom-
posed into a scalar part ζI = AIy and a vector part A
I
µ − ζIVµ, with the
second term restoring manifest gauge invariance. The three-dimensional
field strengths Vµν and F
I
µν have then been dualised into scalars φ˜ and ζ˜I ,
see [48] for details. Instead of the four-dimensional scalars zA we are using
the corresponding superconformal scalars XI and the degenerate tensor gIJ .
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The resulting three-dimensional Lagrangian is
e−13 L
(ǫ1,ǫ2)
3 = (25)
1
2
R3 − gIJ∂µXI∂µX¯J
∣∣
D
− 1
4
∂µφ∂
µφ
+ǫ1e
−2φ
[
∂µφ˜+
1
2
(
ζI∂µζ˜I − ζ˜I∂µζI
)] [
∂µφ˜+
1
2
(
ζI∂µζ˜I − ζ˜I∂µζI
)]
−ǫ2
2
e−φ
[
IIJ∂µζ
I∂µζJ − ǫ1IIJ
(
∂µζ˜I − RIK∂µζK
)(
∂µζ˜J − RJL∂µζL
)]
.
For ǫ1 = ǫ2 = −1 this agrees, up to conventional choices, with [25], and
for ǫ1 = −ǫ2 = −1 this agrees, up to the above mentioned changes in
conventions, with [48].
As explained in [48], one can absorb the Kaluza-Klein scalar φ into the
scalar fields XI by the field redefinition Y I = eφ/2XI . These fields are now
related to the Kaluza-Klein scalar φ by the D-gauge condition
eφ = −iǫ1(Y I F¯I − FI Y¯ I) .
So φ will be now considered as a function of the independent variables Y I .
Geometrically, we interpret φ as a coordinate along the orbit of the homo-
thetic action of R>0 on M . Using homogeneity, we can rewrite the scalar
terms as follows:
gIJ(X)∂µX
I∂µX¯J
∣∣
D
+
1
4
∂µφ∂
µφ = gIJ(Y )∂µY
I∂µY¯ J +
1
4
∂µφ∂
µφ
∣∣∣∣
φ=φ(Y )
.
Note that while both expressions take the same form, on the left hand side
the fields XI are subject to the D-gauge, while φ is an independent field.
In contrast on the right hand side φ is considered to be a dependent field,
which can be expressed in terms of the Y I . Since both sides of the equation
are invariant under local Uǫ1(1) transformations, both sets of fields represent
the same 2n+ 1 independent physical real degrees of freedom.
Now we interpret the Y I as ǫ1-holomorphic special coordinates on M .
We can therefore rewrite the theory in terms of the associated special real
coordinates qa, defined by decomposing
Y I = xI + uI(x, y) , FI = yI + vI(x, y) ,
and setting (qa) = (xI , yI)
T . Note that in this parametrisation the Kaluza-
Klein scalar is expressed in terms of qa by
eφ = −iǫ1(Y I F¯I − FI Y¯ I) = −2H, (26)
where we recall that H denotes the Hesse potential. We also define qˆa =
1
2(ζ
I , ζ˜I)
T and remark that both qa and qˆa are symplectic vectors while
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the dualised Kaluza-Klein vector φ˜ is a symplectic scalar. As explained in
detail in [48], the Lagrangian (25) can be written in terms of the 4n + 5
fields (qa, qˆa, φ˜) with all couplings expressed using the Hesse potential H,
the tensor field
H˜ab =
∂2
∂qa∂qb
[
−1
2
log(−2H)
]
= − 1
2H
Hab +
1
2H2
HaHb ,
and the constant matrix Ωab representing the symplectic form (10):
e−13 L
(ǫ1,ǫ2)
3 = (27)
1
2
R3 − H˜ab
(
∂µq
a∂µqb − ǫ2∂µqˆa∂µqˆb
)
+ǫ1
1
H2
(
qaΩab∂µq
b
)(
qaΩab∂
µqb
)
−ǫ1ǫ2 2
H2
(
qaΩab∂µqˆ
b
)(
qaΩab∂
µqˆb
)
+ǫ1
1
4H2
(
∂µφ˜+ 2qˆ
aΩab∂µqˆ
b
)(
∂µφ˜+ 2qˆaΩab∂
µqˆb
)
.
Since all local degrees of freedom have been converted into scalars, the La-
grangian (27) is a non-linear sigma model coupled to gravity. The 4n+5 real
scalar fields (qa, qˆa, φ˜) are local coordinates of its target space P . Due to the
local Uǫ1(1) symmetry, there are only 4n + 4 physical degrees of freedom,
and the symmetric tensor field on P defined by the Lagrangian is invariant
and degenerate along the orbits of the Uǫ1(1)-action. By gauge-fixing this
symmetry we can obtain a sigma model with a (4n+ 4)-dimensional target
manifold N¯ , equipped with a non-degenerate metric. Since Uǫ1(1) acts on
the symplectic vector qa, while qˆa and φ˜ are invariant, such a gauge fixing
will break the manifest symplectic invariance of the sigma model with target
P . Therefore it is advantageous to describe N¯ in terms of the larger space
P .
In the following sections we will show that P is a principal Uǫ1(1)-bundle
over N¯ , and that the degenerate symmetric tensor on P defined by the
Lagrangian (27) projects down to an ε-quaternionic Ka¨hler metric on N¯ .
For ǫ1 = ǫ2 = −1 we recover the result of [25], in which it was shown that N¯
is quaternionic Ka¨hler. For ǫ1 = 1, ǫ2 = −1 and ǫ1 = −1, ǫ2 = 1, we prove
that the manifold N¯ is para-quaternionic Ka¨hler.
4 Global construction of the c-map
4.1 Geometric data on a conic affine special ε-Ka¨hler mani-
fold
The starting point for our construction of the c-map will be a regular, simply
connected CASεK manifold M , see Section 2.2. The purpose of this section
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is to introduce a global orthogonal co-frame on M and to express certain
geometrical data in terms of this co-frame. We are specifically interested in
the cubic tensor C = ∇g, the difference tensor S = D − ∇, and the pull-
back of the Levi-Civita connection one-form on the corresponding PSεK
manifold σ = π∗σ¯. The necessary expressions are given by (38), (39) and
(41) respectively.
Let (M,J, g,∇, ξ) be a regular, simply connected CASεK manifold of
dimension 2n + 2, which in the case ε = −1 has signature (2k, 2ℓ + 2),
k + ℓ = n. Recall that M is a principal C∗ε-bundle over a PSεK manifold
(M¯, J¯ , g¯) of dimension 2n, with fundamental vector fields
ξ = qa
∂
∂qa
, Jξ = 12HbΩ
ba ∂
∂qa
.
For the case ε = −1 the signature of M¯ is (2k, 2ℓ). The tangent space
at any point p ∈ M decomposes into horizontal and vertical parts TpM =
Hp ⊕ span{ξp, Jξp}, where the horizontal space Hp is defined as the or-
thogonal complement of the vertical space of π : M → M¯ and we identify
Hp ≃ Tπ(p)M¯ by the projection. Recall that there exists a global ∇-affine
symplectic frame on M given by B =
(
∂
∂q0
, . . . , ∂
∂q2n+1
)
, which is unique
up to Sp(2n+2,R) transformations. Recall also that the projective special
ε-Ka¨hler metric on M¯ is induced by the degenerate tensor h defined in equa-
tion (14). Therefore the horizontal lift of an orthonormal frame defined over
an open subset U ⊂ M¯ yields an h-orthonormal frame B′ = (e1, . . . , e2n) of
H, defined over π−1(U), such that
h(em, ep) = ηmp , m, p = 1, . . . , 2n ,
where
(ηmp) =
(
d 0
0 −εd
)
, d =
{
diag(1k,−1ℓ) , ε = −1
diag(1n) , ε = +1 .
(28)
Moreover, by choosing the orthonormal frame on U ⊂ M¯ adapted to the
ε-complex structure we can further assume that
J(eA) = eA+n , J(eA+n) = εeA , A = 1, . . . , n .
In such a frame the ε-complex structure J(ep) = J
m
pem is represented by
the constant matrix
(Jmp) =
(
0 ε1
1 0
)
. (29)
Such a choice of frame is not unique, with any two choices differing by a
gauge transformation with values in
Uε(k, ℓ) ⊂ SOε(2k, 2ℓ) :=
{
SO(2k, 2ℓ) , ε = −1
SO(n, n) , ε = +1 , n = k + ℓ .
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We consider the frame B′∗ = (e1, . . . , e2n) of H∗ = span{ξ, Jξ}0 ⊂ T ∗M
dual to B′; that is em(ep) = δ
m
p . (Here the superscript 0 refers to the
annihilator.) Note that the (0, 2)-tensor h takes the form h = ηmpe
m ⊗ ep.
Similarly, on span{ξ, Jξ}∗ = H0 one may introduce the frame (u, v) given
by
u =
1
2H
dH , v = εJ∗u = − 1
H
qaΩabdq
b , (30)
which is dual to (ξ, Jξ).
Consider the orthogonal projection ϕ : TM → H. Using the frame B of
TM and the local frame B′ of H this projection is represented by the matrix
MB,B′(ϕ) = P = (P
m
a)
m=1,...,2n
a=0,...,2n+1 .
One may also consider the corresponding dual map ϕ∗ : H∗ → T ∗M , which
with the above identifications is simply the inclusion map. Using the dual
basis B∗ = (dq0, . . . , dq2n+1) of T ∗M and B′∗ of H∗ this map is represented
by the transposed matrix
MB′∗,B∗(ϕ
∗) = Pt = (P ma )
m=1,...,2n
a=0,...,2n+1 ,
in other words
em = P ma dq
a . (31)
It is useful to consider also the inclusion map ι : H → TM , which is
characterised by
ϕ ◦ ι = IdH , ϕ⊥ ◦ ι = 0, (32)
where ϕ⊥ : TM → H⊥ = span{ξ, Jξ} is the orthogonal projection onto H⊥.
Lemma 1. The matrix MB′,B(ι) representing the inclusion ι : H → TM
is given by
T = (Tam)
m=1,...,2n
a=0,...,2n+1 , T
a
m = −2HHabPpbηpm. (33)
We have the equation
em = T
a
m
∂
∂qa
, (34)
and the matrix Pt has the following properties:
(i) P ma q
a = P ma Ω
abHb = 0 .
(ii) ηmp(P
m
a P
p
b ) = hab = −
1
2H
Hab +
1
4H2
HaHb− ε 1
H2
Ωacq
cΩbdq
d .
(iii) −2HP ma Hab P pb = ηmp .
(iv) H(P ma Ω
abP
q
b )ηqp = J
∗ m
p = J
m
p ,
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where (Jmp) is the constant matrix (29) representing the tensor J |H : H →
H in the frame (em).
Proof: Part (i) follows immediately from the fact that kerϕ = span{ξ, Jξ}.
For part (ii) one may use the fact that
h = ϕ∗h = ηmp
(
P
m
a P
p
b
)
dqa ⊗ dqb ,
and therefore ηmp(P
m
a P
p
b ) = hab, cf. (16). For part (iii) we note that − 12H g
and h coincide when restricted to H
− 1
2H
g
∣∣
H
= h
∣∣
H
.
Since this is non-degenerate on H we can invert this formula
−2Hg−1 ◦ (ϕ∗, ϕ∗) = −2Hg−1∣∣
H∗
= −2H(g|H)−1 = (h
∣∣
H
)−1 = ηmnem⊗ en .
Plugging in (em, ep) gives expression (iii). Using (iii) one can easily check
that T satisfies the equation
P
m
aT
a
p = δ
m
p .
Using (i) one can also check that the vectors Tam
∂
∂qa are perpendicular to
ξ and Jξ. In view of the characterisation (32), this proves that the matrix
T represents the inclusion map ι : H → TM . The latter property implies
(34).
For part (iv) we note that ϕ∗ ◦J∗ = J∗ ◦ϕ∗ : H∗ → T ∗M . Acting on em
this gives
J∗ mp e
p = P ma J
∗ a
b dq
b . (35)
Plugging en into this expression and using (34), (33) and (11) gives the
desired result.
Let us now turn our attention to the cubic tensor C = ∇g = Habcdqa ⊗
dqb ⊗ dqc, where Habc are the triple derivatives of the Hesse potential. The
cubic tensor is related to the difference tensor
S = D −∇ = ε
2
J∇J ,
by the formula
C(X,Y,Z) = 2g(SXY,Z), (36)
which is immediately obtained from g = ω(J ·, ·). Differentiating the equa-
tion g(JX, JY ) = εg(X,Y ) with respect to ∇ and using the equation (36)
one can prove that
C(·, J ·, J ·) = εC(·, ·, ·) . (37)
The cubic tensor is degenerate with kernel containing span{ξ, Jξ} but not
C
∗
ε-invariant, and therefore not well-defined on M¯ . In the above local frame
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of H∗ ⊂ T ∗M we may write C = Cmpq em ⊗ ep ⊗ eq, where the components
are symmetric and satisfy
Cmpq =
2n+1∑
a,b,c=0
T
a
mT
b
pT
c
qHabc . (38)
Due to (36) the components of the difference tensor S = Smpq em ⊗ ep ⊗ eq
are given by
Smpq = −
1
4H
ηmrCrpq ,
and the one-forms X 7→ Smp(X) = em(SXep) by
Smp =
2n∑
q=1
Smpqe
q =
2n∑
q=1
2n+1∑
a,b=0
− 1
4H
ηmqTaqT
b
pdHab . (39)
It follows from (37) that(
SAB
)
= d
(
SAB
)T
d , SAB = −SA+nB+n ,(
SA+nB
)
= d
(
SB+nA
)T
d , SA+nB = −εSAB+n . (40)
We end this section by computing the pull-back to M of the Levi-Civita
connection one-form on the corresponding PSεK manifold M¯ .
Lemma 2. Let σ ∈ Ω1(M, soε(k, ℓ)) denote the pull-back of the Levi-Civita
connection one-form σ¯ on M¯ . The components of σ in the above local frame
of H∗ ⊂ T ∗M are given by
σmp = −v Jmp +H
(
dP ma H
ab
P
q
b − P ma Hab dP qb
)
ηqp , (41)
where the one-form v was defined in (30).
Proof. The Levi-Civita connection one-form σ¯ on M¯ is uniquely determined
by the requirement that it is metric compatible and torsion-free. In terms
of the pull-back σ the metric compatibility condition implies that
(
σmp
) ∈
{
Ω1(M, so(2k, 2ℓ)) , ε = −1
Ω1(M, so(n, n)) , ε = +1
⇔ σmp = σmqηqp = −σpm ,
(42)
which is easily seen to be satisfied by (41). The torsion-free condition implies
that
dem + σmp ∧ ep = 0 , (43)
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which we will now show is satisfied by (41). Using Lemma 1 (iii) and (iv)
we have
σmp ∧ ep = −(dqΩq) ∧ P ma ΩabP pb ηpqeq −
1
2H
dH ∧ em
+ 2HdP ma H
ab
P
p
b ηpq ∧ eq︸ ︷︷ ︸
(∗)
+ HP ma dH
ab
P
p
b ηpq ∧ eq︸ ︷︷ ︸
Smp∧e
p=0
.
To calculate the last term we have used (39) and (33). It vanishes in virtue
of the symmetry of S. Calculating (∗) individually using (12), (31) and
Lemma 1 (i–ii) we find
(∗) = 2HdP ma Hab ∧
[
−Hbc
2H
+
HbHc
4H2
− εΩbdq
dΩceq
e
H2
]
dqc
= −dP ma ∧ dqa +
1
2H
dP ma q
a ∧ dH − ε 2
H
dP ma H
abΩbcq
c ∧ (dqΩq)
= −dem + 1
2H
dH ∧ em + (dqΩq) ∧ P ma ΩabP pb ηpqeq ,
and therefore expression (43) is satisfied.
By Proposition 3 of Section 5 the solution to (42) and (43) is unique,
and, moreover, it is precisely the pull-back of the Levi-Civita connection
one-form on M¯ .
For an ε-Ka¨hler manifold the Levi-Civita one-form satisfies J∗◦σ = σ◦J .
It follows that(
σAB
)
= −d(σAB)Td , σAB = σA+nB+n ,(
σA+nB
)
= d
(
σA+nA
)T
d , σA+nB = εσ
A
B+n . (44)
4.2 The c-map for various spacetime signatures
In this section we will construct the c-map target manifold (N¯ , gN¯ , QN¯ ). We
will present this construction for the spatial, temporal and Euclidean c-maps
in a unified way using the (ǫ1, ǫ2)-notation introduced previously. We will
begin with the topological data on N¯ , before moving on to the metric gN¯
and ε-quaternionic structure QN¯ .
Consider a regular, simply connected CASǫ1K manifold M of dimension
2n + 2. Given M one may construct the (4n + 5)-dimensional manifold
P = TM ×R, that is the product of the tangent bundle of M with the real
line. On P we have 4n+5 global real functions (qa, qˆb, φ˜) which are defined as
follows. We start with the globally-defined functions (qa) on M , introduced
before, which restrict to special real coordinates in a neighbourhood U of
any point of M . The function qˆb on TM is defined by the property that
it takes the value vb on the vector va ∂∂qa . As we have natural projections
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M
2n+2
C
∗
ǫ1

TM
4n+4
oo P
4n+5
oo
Uǫ1(1)

M¯
2n
✤ c-map // N¯
4n+4
Figure 1: The global construction of the c-map target manifold.
P → TM and TM →M , the functions qa, qˆb, can be considered as functions
on P . Finally φ˜ is the coordinate on the R-factor. Notice that the functions
(qa, qˆb, φ˜) restrict to a local coordinate system in a neighbourhood of any
point of P , in fact, they give coordinates on the open set pr−1(U)×R ⊂ P .
The principal C∗ǫ1-action on M may be lifted to a principal C
∗
ǫ1-action
on P in the following way. Using the global frame ( ∂∂qa ) we can identify
the vector bundle TM with the trivial bundle M ×R2n+2 and extend the
principal C∗ε-action on M trivially to a principal C
∗
ε-action on TM and
P = TM ×R. The actions ϕMλ and ϕPλ of an element λ ∈ C∗ε on M and P
are related by
(ϕPλ )
∗qa = pr∗(ϕMλ )
∗(qa|M ), (ϕPλ )∗qˆa = qˆa, (ϕPλ )∗φ˜ = φ˜. (45)
On P one may consider the principal action of the subgroup Uǫ1(1) ⊂ C∗ǫ1 .
In this way, one may interpret P as a principal Uǫ1(1) bundle over a manifold
N¯ . Let ZP be the vector field generating the infinitesimal Uǫ1(1)-action on
P . This is precisely the horizontal lift of the vector field Jξ on M , and is
given by
ZP =
1
2
HaΩ
ab ∂
∂qb
.
We define the c-map target manifold as the orbit space
N¯ = P/Uǫ1(1) ,
which by construction has dimension 4n+4. This information is summarised
in Figure 1. Notice that in the case ǫ1 = 1 the manifold N¯ has at least two
connected components distinguished by the sign of the Hesse potential H.
The non-linear sigma model of the dimensionally reduced Lagrangian
(27) defines on P the symmetric bilinear form
g′ = H˜ab
(
dqa ⊗ dqb − ǫ2 dqˆa ⊗ dqˆb
)
− ǫ1 1
H2
(
qaΩabdq
b
)
⊗
(
qaΩabdq
b
)
+ ǫ1ǫ2
2
H2
(
qaΩabdqˆ
b
)
⊗
(
qaΩabdqˆ
b
)
− ǫ1 1
4H2
(
dφ˜+ 2qˆaΩabdqˆ
b
)
⊗
(
dφ˜+ 2qˆaΩabdqˆ
b
)
, (46)
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where ǫ1 and ǫ2 are determined by the different c-maps according to the rule
(2) and where H 6= 0 is now allowed to change sign and the PSǫ1K metric is
allowed to be indefinite. The bilinear form g′ has a one-dimensional kernel
RZP and is invariant under the Uǫ1(1)-action on P . It may therefore be
pushed-down to give a well-defined metric gN¯ on N¯ . This procedure makes
sense even in the case ǫ1 = ǫ2 = 1, which we have not given a physical
interpretation so far. As the next proposition shows, this case gives a metric
equivalent to the one in the case ǫ1 = −ǫ2 = 1.
Proposition 2. For the case ǫ1 = 1 the pull-back of g
′ under the action
of e ∈ C∗ is given by
(ϕPe )
∗
(
g′
∣∣
(ǫ1,ǫ2)=(1,1)
)
= g′
∣∣
(ǫ1,ǫ2)=(1,−1)
.
Proof: The pull-back of the functions (qa, qˆb, φ˜) are given by
(ϕPe )
∗qa = ǫ1J
a
bq
b , (ϕPe )
∗qˆa = qˆa , (ϕPe )
∗φ˜ = φ˜ ,
cf. (45). In fact, the first term is computed as follows using (17):
(ϕPe )
∗
(
xI
yJ
)
=
(
uI
vJ
)
=
(
−ǫ1 1
2
ΩabHb
)
=
(
−ǫ1 1
2
ΩabHbcq
c
)
= (ǫ1J
a
bq
b)
where Jab are the components of the para-complex structure on M , pulled-
back to P . Notice that from this calculation we also obtain
(ϕPe )
∗Ha = −ǫ12Ωabqb.
Using these formulae together with the identities (ϕPe )
∗H = −H and
(ϕPe )
∗Hab = Hab, which follow from the fact that e acts anti-isometrically
on the metric g of M , the result is easy to check.
Recall that the manifold (N¯ , gN¯ ) is obtained by taking the quotient of
P with respect to the action of Uǫ1(1) ⊂ C∗ǫ1 . In the case ǫ1 = 1 the action
of e /∈ Uǫ1(1) on P induces an involution on N¯ which interchanges the
connected components of N¯ . This Z2-action does not preserve the metric
gN¯ , but maps
(
N¯ , gN¯ |(ǫ1,ǫ2)=(1,−1)
)
to
(
N¯, gN¯ |(ǫ1,ǫ2)=(1,1)
)
and therefore both
manifolds are globally isometric. For this reason one may take either ǫ2 =
−1 or ǫ2 = +1 for the Euclidean c-map at the expense of working with
a manifold N¯ which is not connected but naturally contains both possible
choices.
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4.2.1 A co-frame of P adapted to the pull back of the c-map
metric
On a local patch of P it is convenient to introduce the following 4n + 4
linearly independent one-forms:
em = P ma dq
a , eˆm = P ma dqˆ
a ,
u1 =
1
2H
Hadq
a , uˆ1 = − 1
2H
Hadqˆ
a ,
u2 = − 1
2H
(
dφ˜+ 2qˆaΩabdqˆ
b
)
, uˆ2 = − 1
H
qaΩabdqˆ
b . (47)
We will refer to the collection L∗ = (em, u1, u2, eˆn, uˆ1, uˆ2)m,n=1,...,2n as a
local partial co-frame on P . Note that Z0P = spanL
∗. The globally-defined
one-forms u1, u2, uˆ1, uˆ2 ∈ L∗ are independent of the choice of the functions
qa and therefore uniquely defined. The one-forms em, eˆn ∈ L∗ are unique up
to Uǫ1(k, ℓ) ⊂ SOǫ1(2k, 2ℓ) gauge transformations, which act according to
em 7→ Amn en , eˆm 7→ Amn eˆn , (Amn ) ∈ Uǫ1(k, ℓ) . (48)
The bilinear form is written in terms of the partial co-frame L∗ as
g′ = ηmpe
m⊗ep+u1⊗u1− ǫ1u2⊗u2− ǫ2
[
ηmpeˆ
m⊗ eˆp+ uˆ1⊗ uˆ1− ǫ1uˆ2⊗ uˆ2
]
,
(49)
where (ηmp) is given by (28). Consider the globally-defined one-form
v = − 1
H
qaΩabdq
b . (50)
This satisfies v(ZP ) = 1 and is invariant with respect to the Uǫ1(1)-action
on P . Therefore it may be interpreted as a connection on the principal
Uǫ1(1)-bundle P → N¯ . We extend the partial local co-frame L∗ to a local
co-frame (L∗, v) on P .
It is important to note that although g′ is invariant under the Uǫ1(1)-
action this is not necessarily true for the individual one-forms in L∗. In fact,
only em, u1, u2 are invariant under the action of Uǫ1(1), with the remaining
one-forms transforming according to
LZP eˆ
A = −ǫ1eˆA+n, LZP eˆA+n = −eˆA, LZP uˆ1 = ǫ1uˆ2, LZP uˆ2 = uˆ1 .
The following lemma can be directly calculated using the results of Sec-
tion 4.1. It will be used later to extract the Levi-Civita connection one-form
on (N¯ , gN¯ ).
Lemma 3. The exterior derivatives of the one-forms in the co-frame
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(L∗, v) are given by
dem = −σmp ∧ ep ,
du1 = 0 ,
du2 = 2u2 ∧ u1 + 2uˆ2 ∧ uˆ1 + 2dAB eˆA+n ∧ eˆB ,
deˆm = eˆm ∧ u1 + em ∧ uˆ1 + uˆ2 ∧ Jmpep − (σmp + vJmp) ∧ eˆp + Smp ∧ eˆp ,
duˆ1 = uˆ1 ∧ u1 − ǫ1uˆ2 ∧ v + dABeA ∧ eˆB − ǫ1dABeA+n ∧ eˆB+n ,
duˆ2 = uˆ2 ∧ u1 + v ∧ uˆ1 + dAB eˆA+n ∧ eB + dABeA+n ∧ eˆB ,
dv = 2dABe
A+n ∧ eB . (51)
Be careful to note the index convention A = 1, . . . , n and m, p =
1, . . . , 2n. The matrix-valued one-forms S and σ were defined on M in
the previous subsection and are pulled-back to P in the above expressions.
The constant matrices J and d were also defined in the previous subsection.
The appearance of v in the expressions for deˆm, duˆ1, duˆ2 is due to the fact
that they are not invariant under the flow of ZP .
4.2.2 The ε-quaternionic structure
We now turn our attention to the ε-quaternionic structure. Using the con-
nection v we may decompose the tangent space into TP = RZP + ker v
and the dual tangent space into T ∗P = Rv + Z0P . The vector space ker v is
dual to Z0P , which we recall is spanned by L
∗. There exists a unique basis
L = (em, u1, u2, eˆp, uˆ1, uˆ2)m,p=1,...,2n of ker v dual to L
∗. In local coordinates
this is given by
em = T
a
m
∂
∂qa
, eˆm = T
a
m
(
∂
∂qˆa
+ 2Ωabqˆ
b ∂
∂φ˜
)
,
u1 = q
a ∂
∂qa
, uˆ1 = −qa
(
∂
∂qˆa
+ 2Ωabqˆ
b ∂
∂φ˜
)
,
u2 = −2H ∂
∂φ˜
, uˆ2 =
1
2HaΩ
ab
(
∂
∂qˆb
+ 2Ωbcqˆ
c ∂
∂φ˜
)
. (52)
Using this basis one may define the three endomorphisms
J1 = d
ABeA ∧ eˆB+n + dAB eˆA ∧ eB+n + u1 ∧ uˆ2 − ǫ2uˆ1 ∧ u2 ,
J2 = d
AB eˆA ∧ eB − ǫ1dAB eˆA+n ∧ eB+n + u1 ∧ uˆ1 + ǫ1ǫ2u2 ∧ uˆ2 , (53)
J3 = −ǫ2dABeA ∧ eB+n + dAB eˆA+n ∧ eˆB + u2 ∧ u1 + uˆ1 ∧ uˆ2 ,
where we are using the notation (X ∧ Y )(Z) = g′(Y,Z)X − g′(X,Z)Y . The
endomorphisms J1, J2, J3 are skew-symmetric with respect to g
′, mutually
anti-commute and satisfy
J21
∣∣
ker v
= −ǫ1ǫ2 , J22
∣∣
ker v
= ǫ2 , J
2
3
∣∣
ker v
= ǫ1 , J1J2 = J3 , (54)
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which is the ε-quaternion algebra up to relabelling. Since the expressions
for J1, J2, J3 are invariant under transformations of the form (48) they are
independent of the choice of frame L of ker v in the class of frames considered
above and are therefore globally-defined on P . In Table 2 we summarise
which of these endomorphisms are almost complex and which are almost
para-complex when restricted to ker v ⊂ TP .
It is interesting to define two additional endomorphism fields (which are
also independent of the choice of L as above)
J ′3 = −ǫ2dABeA ∧ eB+n + dAB eˆA+n ∧ eˆB + u1 ∧ u2 + uˆ1 ∧ uˆ2 , (55)
J˜ = −ǫ2dABeA+n ∧ eB + dAB eˆA+n ∧ eˆB + u2 ∧ u1 + uˆ2 ∧ uˆ1 , (56)
which satisfy J ′3
2
∣∣
ker v
= J˜2
∣∣
ker v
= ǫ1 and are skew-symmetric with respect
to g′. The previously defined endomorphism J3 differs from J
′
3 by sign on
the two-dimensional subspace spanned by (u1, u2) and from J˜ by sign on
the (2n + 2)-dimensional subspace spanned by (em, uˆ1, uˆ2). Neither J
′
3 nor
J˜ form part of the ε-quaternion algebra. Using Lemma 1, J˜ can be written
in terms of Uǫ1(1)-invariant vectors as
J˜ = −ǫ2dABeA+n ∧ eB
+ 2eφ
[
∂
∂φ˜
∧ ∂
∂φ
+
(
∂
∂ζI
+
1
2
ζ˜I
∂
∂φ˜
)
∧
(
∂
∂ζ˜I
− 1
2
ζI
∂
∂φ˜
)]
. (57)
Here we have used the splitting of the manifold M parametrised by the
coordinates qa into the level sets of the function φ defined in (26). In par-
ticular, we can include φ in a new local coordinate system on M consisting
of φ together with a choice of local coordinates on a level set of φ. The
coordinates chosen on one level set are extended to the other level sets by
imposing that the coordinates are invariant under the flow of u1. In the
resulting new coordinate system, one computes u1 = 2
∂
∂φ . Next, we note
that
θˆa := 2

 ∂∂ζI + 12 ζ˜I ∂∂φ˜
∂
∂ζ˜I
− 12ζI
∂
∂φ˜

 ,
and that
dAB eˆA+n ∧ eˆB = 1
2
Ωmneˆm ∧ eˆn = 1
2
T
a
m Ω
mn
T
b
n θˆa ∧ θˆb ,
almost complex almost para-complex.
spatial c-map J1, J2, J3
temporal c-map J3 J1, J2
Euclidean c-map (ǫ1, ǫ2) = (1, 1) J1 J2, J3
Euclidean c-map (ǫ1, ǫ2) = (1,−1) J2 J1, J3
Table 2: Properties of J1, J2, J3 when restricted to ker v.
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where (Ωmn) :=
(
0 −d
d 0
)
. Using Lemma 1 one can then show that
dAB eˆA+n ∧ eˆB = 1
2
HΩabθˆa ∧ θˆb − uˆ2 ∧ uˆ1 ,
from which we finally obtain (57). Notice that J˜ differs from ±J3 and ±J ′3
on the (2n + 4)-dimensional subspace span
{
∂/∂φ, ∂/∂φ˜, ∂/∂ζI , ∂/∂ζ˜I
}
=
span {eˆm, u1, u2, uˆ1, uˆ2}, unless n = 0, that is when M¯ is a point.
The endomorphisms J3, J
′
3, J˜ are invariant under the Uǫ1(1)-action and
induce almost ǫ1-complex structures on the c-map target manifold N¯ . The
endomorphisms J1, J2 transform into one-another under the Uǫ1(1)-action
according to LZP J1 = J2 , LZP J2 = ǫ1J1.
Theorem 1.
(a) On the target manifold of the spatial c-map the almost complex structures
J3, J
′
3 are integrable and J˜ is integrable if and only if the cubic tensor
C vanishes.
(b) On the target manifold of the temporal c-map the almost complex struc-
tures J3, J
′
3 are integrable and J˜ is integrable if and only if the cubic
tensor C vanishes.
(c) On the target manifold of the Euclidean c-map the almost para-complex
structures J3, J
′
3 are integrable and J˜ is integrable if and only if the
cubic tensor C vanishes.
It was shown in [64] that the almost complex structure J3 on the target
manifold of the spatial c-map is integrable. The other parts of this theorem
will be proved on a case-by-case basis in Sections 5.3 – 5.5. For easier
reference we stated the result as three cases (a)–(c).
The endomorphisms J1, J2, J3 define a (fibre-wise) ε-quaternionic struc-
ture QP = span{J1, J2, J3} on ker v ⊂ TP , which is skew-symmetric with
respect to the metric g′|ker v. Due to the transformation properties under
Uǫ1(1), this induces an almost ε-quaternionic Hermitian structure QN¯ on
(N¯ , gN¯ ). In the next section we will show, by explicit calculation, that
QN¯ is parallel with respect to the Levi-Civita connection, which proves the
following theorem.
Theorem 2.
(a) The target manifold of the spatial c-map is quaternionic Ka¨hler.
(b) The target manifold of the temporal c-map is para-quaternionic Ka¨hler.
(c) The target manifold of the Euclidean c-map is para-quaternionic Ka¨hler.
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In all three cases the reduced scalar curvature ν = scal/(4(n+1)(n+3))
is equal to −2. This can be seen by comparing the Spε(1)-curvature of the
c-map target manifold
RH = dp+ p ∧ p ,
with the Spε(1)-curvature of ε-quaternionic projective space HεP
n+1
RH0 =
1
2
∑
α=1,2,3
JHα ωα .
Here the matrix JHα is given in expression (73) and ωα(·, ·) := ǫαg′(Jα·, ·) is
the fundamental two-form associated with the almost ǫα-complex structure
Jα. The matrix p is given for each c-map separately in Sections 5.3 – 5.5.
For an ε-quaternionic Ka¨hler manifold the above Spε(1)-curvature tensors
are related by [62]
RH = νRH0 .
Computing both sides one finds that ν = −2 in all cases.
5 Levi-Civita connection and integrable ε-complex
structures
In this section we will calculate the Levi-Civita connection on the target
manifold (N¯ , gN¯ ) of the c-map for various spacetime signatures. We will
also show that the two skew-symmetric almost ε-complex structures J3 and
J ′3 introduced in the previous section are integrable.
In order to compute the Levi-Civita connection and to check the integra-
bility of the structures J3 and J
′
3 one needs to calculate exterior derivatives
of an appropriate local co-frame on N¯ . To do this we will make use of
the partial co-frame (47) on the Uǫ1(1)-principal bundle P → N¯ . There
are two complementary approaches one may take when performing these
calculations:
1. Use a local section of P → N¯ to pull-back the partial co-frame from
P to a co-frame of N¯ and then perform calculations.
2. Perform calculations directly on P using the partial co-frame and then
use a local section to pull-back the results to N¯ .
We will adopt approach 2 since one only needs to make a choice of local
section after all calculations have been performed. There is a slight compli-
cation due to the fact that the partial co-frame (47) is not invariant under the
flow of the fundamental vector field ZP and therefore not projectable to N¯ ,
which we address in Section 5.1. The relation between the two approaches
is discussed in Section 5.2. The explicit calculation of the Levi-Civita con-
nection and integrability of the ε-complex structures for various spacetime
signatures are presented case-by-case in the remaining sections.
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5.1 Calculating on P using a non-invariant partial co-frame
In this section we want to discuss the following problem. Let (M,g) be a
pseudo-Riemannian manifold with almost ε-quaternionic Hermitian struc-
ture Q and π : P → M be a principal bundle with structure group
G. Suppose we are given pointwise linearly independent one-forms θi,
i = 1, . . . , n = dim(M) on some open subset U ⊂ P , which are horizon-
tal in the sense that they vanish on any vertical vector, such that
π∗g = ηijθ
iθj ,
where (ηij) = diag(1k,−1ℓ) is the Gram matrix of an orthonormal frame in
standard ordering. We will assume that π∗TM is trivial on U . Systems (θi)
as above will be called partial co-frames of P over U . Notice that given a
principal connection on P and a basis of g = LieG, any partial co-frame of
P over U is canonically extended to a co-frame of P over U .
The problem is to show that Q is parallel with respect to the Levi-Civita
connection, and, hence, the manifold (M,g) is ε-quaternionic Ka¨hler. This
involves computing the Levi-Civita connection of g in terms of (θi), without
assuming that the forms θi are G-invariant and, hence, projectable to M .
Proposition 3. Under the above assumptions, the system of equations
dθi + σij ∧ θj = 0 , (58)
has a unique solution σ = (σij) ∈ Ω1(U, so(k, ℓ)). Given a second system
of n linearly independent horizontal one-forms (θ˜i) on U ⊂ P , the solution
σ˜ = (σ˜ij) of the system
dθ˜i + σ˜ij ∧ θ˜j = 0 , (59)
is related to σ by
σ˜ = −(dA)A−1 +AσA−1 , (60)
where A = (Aij) ∈ C∞(U,O(k, ℓ)) is the gauge transformation relating (θi)
with (θ˜i), that is θ˜i = Aijθ
j.
Proof: We first prove the uniqueness. Suppose that σ′ is a second solution
of (58). Then the difference ∆ = (∆ij) = σ
′−σ ∈ Ω1(U, so(k, ℓ)) satisfies the
equations ∆ij∧θj = 0. For the coefficients ∆ ijk in the expansion ∆ik = ∆ ijkθj
this implies ∆ ijk = ∆
i
kj. Therefore ∆jik := ηil∆
l
jk is antisymmetric in (i, k)
and symmetric in (j, k), which implies ∆ = 0.
One can easily check that given a solution σ of (58) and a gauge trans-
formation A ∈ C∞(U,O(k, ℓ)), σ˜ = −(dA)A−1 + Aσ˜A−1 is a solution of
(59), if we define θ˜i = Aijθ
j.
Now we prove the existence. Given the above hypothesis on U , we can
assume without restriction of generality that U = π−1(U0) is the preimage
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of an open subset U0 ⊂ M on which an orthonormal co-frame (θi0) exists.
It is sufficient to remark that the pullback of the connection one-form σ0
of the Levi-Civita connection of (M,g) with respect to the co-frame (θi0)
gives a solution of (58), where (θi) = (π∗θi0). The equation (58) is in fact
obtained as the pullback of the equation dθ0 + σ0 ∧ θ0 = 0, which expresses
the vanishing of the torsion of the Levi-Civita connection of (M,g). Here θ0
is the column vector with entries θi0.
The almost ε-quaternionic Hermitian structure Q on M induces a
(fibre-wise) ε-quaternionic Hermitian structure QP in the normal bundle
N = TP/T vP to the fibres of P →M , where T vP ⊂ TP denotes the verti-
cal distribution. The ε-quaternionic structure QP is Hermitian in the sense
that it consists of endomorphisms which are skew-symmetric with respect
to the (fibre-wise) metric π∗g in N. By construction QP is invariant under
the G-action on N induced by the principal G-action on P . Conversely, a
fibre-wise skew-symmetric ε-quaternionic structure QP on (N, π
∗g), which
is invariant under the G-action on N, induces an almost ε-quaternionic Her-
mitian structure Q on M , which may be parallel or not.
Proposition 4. Given a G-invariant skew-symmetric fibre-wise ε-
quaternionic structure QP on N the induced almost ε-quaternionic Hermi-
tian structure Q on (M,g) is parallel with respect to the Levi-Civita connec-
tion if the solution of (58) takes values in the Lie algebra spε(1)⊕ spε(k, ℓ),
provided the partial co-frame (θi) is ε-quaternionic.
Proof: Consider an open subset U ⊂ P on which an ε-quaternionic partial
co-frame (θi) is defined. We may assume without restriction of generality
that U = π−1(U0) is the preimage of an open subset U0 ⊂ M on which an
ε-quaternionic co-frame (θi0) exists. This may be pulled back to give another
ε-quaternionic partial co-frame (θ˜i) = (π∗θi0). Since both (θ
i) and (θ˜i) are
ε-quaternionic partial co-frames they are related to one-another by a gauge
transformation of the form A = (Aij) ∈ C∞(U,Spε(1) · Spε(k, ℓ)). Let us
denote by σ the solution of (58) in the basis (θi) and by σ˜ the solution in
the basis (θ˜i).
Suppose that σ takes values in spε(1) ·spε(k, ℓ). From (60) it follows that
σ˜ also takes values in spε(1) · spε(k, ℓ). Since σ˜ is the pull-back of the Levi-
Civita connection one-form in an ε-quaternionic co-frame it follows that the
Levi-Civita connection on M takes values in spε(1) · spε(k, ℓ) when written
in an ε-quaternionic co-frame.
Proposition 3 shows that in order to compute the Levi-Civita connection
of a manifold (N¯ , gN¯ ) in the image of the c-map it is sufficient to solve the
equation (58) locally on P without having to assume that the partial co-
frame (θi) is projectable. If the solution to (58) takes values in spε(1) ⊕
spε(k, ℓ) in an ε-quaternionic partial co-frame then the manifold (N¯ , gN¯ ) is
ε-quaternionic Ka¨hler by Proposition 4.
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5.2 Alternative approach: calculating on N¯ using a co-frame
Let us now briefly discuss an alternative way of calculating exterior deriva-
tives and the Levi-Civita connection directly on the target manifold (N¯ , gN¯ )
in the image of the c-map.
Let U ⊂ P be an open set on which the partial co-frame (47) is defined.
Consider any local section s : U0 → P with values in U , for example the
local section defined by the equation x0 = 0. (Recall that x0 = q0 is one of
the functions (qa, qˆb, φ˜) on P introduced in Section 4.2.) We may use the
section s to define a co-frame on U0 ⊂ N¯ given by(
em0 , u
1
0, u
2
0, eˆ
m
0 , uˆ
1
0, uˆ
2
0
)
= s∗
(
em, u1, u2, eˆm, uˆ1, uˆ2
)
. (61)
It is then possible to calculate the exterior derivatives and the Levi-Civita
connection in this local co-frame on N¯ .
One may relate this approach to that of Section 5.1 as follows. Since the
exterior derivative commutes with the pull-back of a differentiable map we
have
dem0 = s
∗dem , du10 = s
∗du1 , etc.
where the exact expressions on the RHS can be read off from (51). Moreover,
from Proposition 3 it follows that the Levi-Civita connection σ0 on N¯ in the
basis (61) is given by the pull-back of the unique solution σ of equation (58)
in the basis (47), which is calculated in the following sections.
5.3 The spatial c-map
In this section we consider the reduction over space from 3 + 1 to 2 + 1
dimensions. This means that one must set ǫ1 = −1 and ǫ2 = −1 in the
expressions in Section 4.2. Recall from Section 3.2 that the Hesse potential
H is assumed to be negative.
In order to expose the quaternionic geometry we define the complex
partial co-frame on P
u = ie−φ/2
(
XIdζ˜I − FI(X)dζI
)
,
v = e−φ
[
1
2de
φ + i
(
dφ˜+ 12 (ζ
Idζ˜I − ζ˜IdζI)
)]
,
eA = P AI dX
I ,
EA = −ie−φ/2P AI N IJ
(
dζ˜J −NJKdζK
)
. (62)
Recall that XI = e−φ/2Y I , and, due to homogeneity, NIJ(X, X¯) =
NIJ(Y, Y¯ ) and NIJ(X, X¯) = NIJ(Y, Y¯ ). We have locally defined the matrix
(P AI ) with entries
P AI = e
φ/2(P Aa + iP
A+n
a )Π
a
I , (63)
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where Π aI represents the holomorphic projection from the special holomor-
phic coordinates Y I to special real coordinates qa:
dqa = Π aI dY
I + Π¯ aI dY¯
I , (Π aI ) =
∂qa
∂Y I
=
(
1
2(δ
J
I ),
1
2(FIJ)
)
. (64)
Notice that P AI Y
I = 0, and, hence, P AI dX
I = e−φ/2P AI dY
I . Using the
local section s = {Im(X0) = 0} (= {x0 = 0}) of P → N¯ discussed in Section
5.2 one can pull-back (62) to the complex orthonormal co-frame on (N¯ , gN¯ )
presented in [25]10.
Proposition 5. The complex partial co-frame (62) is related to the real
partial co-frame (47) introduced in Section 4.2 by
u = uˆ1 + iuˆ2 , eA = eA + ieA+n ,
v = u1 + iu2 , EA = eˆA + ieˆA+n . (65)
The one-form v may be written as
v =
1
2i
(
XINIJdX¯
J − dXINIJX¯J
)
.
Proof: Using eφ = −2H and
Y I = xI + iuI , FI = yI + ivI , Ha = (2vI ,−2uI)T ,
the first two expressions are calculated to be
u = −i 1
2H
[
xIdζ˜I − yIdζI + i
(
uIdζ˜I − vIdζI
)]
= −i 1
2H
[
2qaΩabdqˆ
b − i (Hadqˆa)
]
,
v = − 1
2H
[
−dH + i
(
dφ˜+ 2qˆaΩabdqˆ
b
)]
.
Comparing with the explicit expressions in (47) gives the desired result.
Next, we observe that
eA + ieA+n =
1
2
(Id− iJ∗)(eA + ieA+n) = (P Aa + iP A+na )Π aI dY I
= e−φ/2P AI dY
I = P AI dX
I = eA .
Using the fact P AI Y
I = 0 along with (64) and (63) one may write
EA = −ie−φ/2P AI N IJ
(
dζ˜J − F¯JKdζK
)
= −4ie−φ/2P AI N IJ Π¯ bJ Ωbcdqˆc
= −4i(P Aa + iP A+na )Π aI N IJ Π¯ bJ Ωbcdqˆc .
10Recall that we use the D-gauge −NIJX
IX¯J = 1 in order to fix the scale transforma-
tions of the CASK manifold M , whereas in [25] they are fixed by setting |X0| = 1. These
two choices are related by the transformation XI 7→ 1
|X0|
XI .
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Making use of the identity 4Π aI N
IJΠ¯ bJ = H
ab + i2Ω
ab, which can be easily
verified using (13) and (64), along with the expression for J∗ ab given by the
components of (11), we can write
EA = − i
2
(P Aa + iP
A+n
a )
(
J∗ ab dqˆ
b + idqˆa
)
.
From (35) it follows that P mb J
∗ b
a = J
∗ m
p P
p
a , and, hence, E
A = eˆA+ieˆA+n.
Lastly, we calculate
1
2i
(
XINIJdX¯
J − dXINIJX¯J
)
= e−φIm
(
Y INIJ(Y, Y¯ )dY¯
J
)
= −e−φRe (FIdY¯ I − Y IdF¯I)
=
1
2H
(
yIdx
I − xIdyI − vIduI + uIdvI
)
= − 1
2H
(
qaΩabdq
b − 1
4
HaΩ
abdHb
)
= − 1
H
qaΩabdq
b = v ,
where in the second line we used (9) and in last line (12).
The exterior derivatives of the one-forms in the complex co-frame may
be written as [25] (see also [69] for the indefinite case)
du =
(
− u1 + iv
)
∧ u− dABE¯A ∧ eB ,
dv = u ∧ u¯+ v ∧ v¯+ dABEA ∧ E¯B ,
deA = −σCAB ∧ eB , (66)
dEA =
(
− u1 − iv
)
∧EA − u¯ ∧ eA − σCAB ∧EB + SCABC e¯B ∧ E¯C ,
where σCAB := σ
A
B + iσ
A+n
B and S
CA
BC := S
A
BC + iS
A+n
BC . These
expressions may be checked using (51) and the identities (40) and (44).
Proof of Theorem 1 (a): The following proof that J3 is integrable was
provided in [64]: a basis of the +i eigendistribution of J∗3 is given by
B(1,0) =
(
u¯,v, e¯A,EA
)
. Each term in the exterior derivative of any element
in B(1,0) contains a one-form in the set B(1,0). Therefore the distribution is
integrable by the Newlander–Nirenberg theorem, hence the almost-complex
structure J3 is integrable.
We now consider the integrability of J ′3 and J˜ . A basis of the +i eigendis-
tribution of J ′3
∗ is given by B′(1,0) =
(
u¯, v¯, e¯A,EA
)
, and by the same ar-
gument as above J ′3 is integrable. A basis of the +i eigendistribution of
J˜ is given by
(
u,v, eA,EA
)
, and therefore J˜ is integrable if and only if
SABC = S
A+n
BC = 0, which is the case if and only if the cubic tensor C,
defined in (36), vanishes. This is true if and only if the holomorphic pre-
potential F , or, equivalently, the Hesse potential H on the corresponding
CASK manifold M is a quadratic polynomial.
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Proof of Theorem 2 (a): The complex one-forms, along with their conju-
gates, may be gathered together into the quaternionic vielbein
U
Aµ =
1√
2
(
u eA −v¯ −E¯A
v EA u¯ e¯A
)
. (67)
In this co-frame the Levi-Civita connection one-form decomposes according
to (22), where p, q, t are given by [25]
p =

 i2u2 − i2v −uˆ1 − iuˆ2
uˆ1 − iuˆ2 − i2u2 + i2v

 ,
q =

 −3i2 u2 − i2v
(
eˆC − ieˆC+n) dCB
−eˆA − ieˆA+n σAB + iσA+nB − i2(u2 − v)δAB

 ,
t =

 0 0
0 (SABC + iS
A+n
BC)(eˆ
C − ieˆC+n)

 .
The quaternionic structure is therefore parallel with respect to the Levi-
Civita connection.
Let us briefly explain how one may check that the above expression for
the Levi-Civita connection is correct. It is obvious from the formalism that
the above expression defines a metric connection so it suffices to check that
its torsion is zero. In terms of an ε-quaternionic vielbein the latter condition
is given by
dUAµ +ΩAµ
Bν ∧ UBν = 0 .
This can be naturally split into two separate sets of equations
deAI = −pA BeBI − qIJeAJ − tIJfAJ ,
dfAI = −pA BfBI + sIJeAJ + (η′qT η′)I JfAJ ,
(68)
where we have defined
eAI :=
(
u eA
v EA
)
, fAI :=
( −v¯ −E¯A
u¯ e¯A
)
, η′ :=
(
1 0
0 d
)
.
In the quaternionic case s = t¯ and fAI = ǫABe¯BJ , and therefore the second
set of equations follows from the first set by complex conjugation. However
in the para-quaternionic case, which we will deal with in the following sec-
tions, the second set of equations are not implied by the first, and must be
checked independently.
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Let us end by explicitly checking, for instance, that the formula for dEA
obtained from (68) coincides with the exterior derivative of EA as given in
(66):
dEA = −p10eA − p11EA − qA0v− qABEB − tA0u¯− tABe¯A
= eˆAu1 + ieˆA+nu1 + eAuˆ1 + ieA+nuˆ1 − uˆ2eA+n + iuˆ2eA + veˆA+n − iveˆA
− (σAB + iσA+nB)(eˆB + ieˆB+n)− (SABC + iSA+nBC)(eˆC − ieˆC+n)(eB − ieB+n)
=
(−u1 − iv) (eˆA + ieˆA+n)− (uˆ1 − iuˆ2) (eA + ieA+n)
− (σAB + iσA+nB)
(
eˆB + ieˆB+n
)
+ (SABC + iS
A+n
BC)
(
eB − ieB+n)(eˆC − ieˆC+n) .
Here we have omitted writing the symbol for the wedge product.
5.4 The temporal c-map
We now consider the reduction over time from 3 + 1 to 3 + 0 dimensions.
In this case we must set ǫ1 = −1 and ǫ2 = 1. Recall that in our construction
of the c-map the spatial and temporal c-map have the same target manifold
but different metrics. In particular, we may use the same partial co-frame
L∗ on P defined by (47) in both cases.
Proof of Theorem 1 (b): It follows from (49) and (53) that the almost-
complex structures J3 and J
′
3 in the case (ǫ1, ǫ2) = (−1, 1) coincide with
−J ′3 and −J3, respectively, in the case (ǫ1, ǫ2) = (−1,−1). Therefore the
integrability of these structures follows from the proof of Theorem 1 (a)
given in Section 5.3.
The almost-complex structure J˜ in the case (ǫ1, ǫ2) = (−1, 1) coincides
with −J˜ in the case (ǫ1, ǫ2) = (−1,−1) except for its action on the two-
dimensional subspace spanned by (u1, u2), where it acts with opposite sign.
Taking this into account, one may use the same argument as in the proof of
Theorem 1 (a) that J˜ is integrable if and only if C = 0.
Let us define the real partial co-frame
u = u2 − uˆ1 , u˜ = u2 + uˆ1 ,
v = u1 + uˆ2 , v˜ = u1 − uˆ2 ,
eA = −eA+n − eˆA , e˜A = −eA+n + eˆA ,
EA = −eA − eˆA+n , E˜A = −eA + eˆA+n ,
which we gather together into the para-quaternionic vielbein
U
Aµ =
1√
2
(
u eA −v˜ −E˜A
v EA u˜ e˜A
)
. (69)
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One may use Proposition 5 to write the vielbein in terms of the real and
imaginary parts of the complex co-frame (62). Notice that the above ex-
pression for the para-quaternionic vielbein is not related to the expression
for the spatial c-map quaternionic vielbein by replacing complex coordinates
with the para-complex coordinates. However, as we will explain in the next
section, such a relationship does exist for the vielbeins of the spatial and
Euclidean c-maps.
Proof of Theorem 2 (b): In the frame (69) the Levi-Civita connection one-
form decomposes according to (22), where p, q, t, s are given by
p =

 uˆ2 −12(u2 + v) + uˆ1
1
2(u
2 + v) + uˆ1 −uˆ2

 ,
q =

 0 eˆC+ndCB
eˆA+n σAB − SA+nBmeˆm

 ,
t =

 32u2 − 12v −eˆCdCB
−eˆA −σA+nB + SABmeˆm − 12(u2 + v)δAB

 ,
s =

 32u2 − 12v eˆCdCB
eˆA −σA+nB − SABmeˆm − 12(u2 + v)δAB

 .
The para-quaternionic structure is therefore parallel with respect to the
Levi-Civita connection.
5.5 The Euclidean c-map
We now consider the reduction from 4 + 0 to 3 + 0 dimensions. In this case
we make the choice ǫ1 = 1 but ǫ2 may be left arbitrary.
Let us define the real partial co-frame on P
u = uˆ1 − ǫ2uˆ2 , u˜ = −ǫ2uˆ1 − uˆ2 ,
v = u1 + u2 , v˜ = u1 − u2 ,
eA = eA − ǫ2eA+n , e˜A = eA + ǫ2eA+n ,
EA = −ǫ2eˆA + eˆA+n , E˜A = eˆA + ǫ2eˆA+n . (70)
Proposition 6. The following para-complex partial co-frame (and its para-
complex conjugate) is related to the above real partial co-frame by replacing
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the para-complex unit iǫ1 with 1:
uˆ1 + iǫ1 uˆ
2 = iǫ1e
−φ/2
(
XIdζ˜I − FIdζI
)
,
u1 + iǫ1u
2 = e−φ
[
1
2
deφ + iǫ1(dφ˜+
1
2
(ζIdζ˜I − ζ˜IdζI))
]
,
eA + iǫ1e
A+n = P AI dX
I ,
eˆA + iǫ1 eˆ
A+n = −iǫ1e−φ/2P AI N IJ
(
dζ˜J − F¯JKdζK
)
, (71)
where dqa =: Π aI dY
I+Π¯ aI dY¯
I and P AI := e
φ/2(P Aa + iǫ1P
A+n
a )Π
a
I . The
one-form v may be written as
v =
1
2iǫ1
(
XINIJdX¯
J − dXINIJX¯J
)
.
Proof. The proof is analogous to the proof of Proposition 5. In the para-
complex case one must use the identities eA = 12(Id + ǫ1iǫ1J
∗)eA and
4Π aI N
IJ Π¯ bJ = H
ab − ǫ1 iǫ12 Ωab.
The exterior derivatives of the one-forms in the real partial co-frame can
be computed from Lemma 3
du =
(
− u1 − ǫ2v
)
∧ u− δABE˜A ∧ eB ,
dv = u ∧ u˜+ v ∧ v˜+ δABEA ∧ E˜B ,
deA = −
(
σAB − ǫ2σA+nB
)
∧ eB ,
dEA =
(
− u1 + ǫ2v
)
∧EA − u˜ ∧ eA −
(
σAB − ǫ2σA+nB
)
∧EB
+
(
−ǫ2SABC + SA+nBC
)
e˜B ∧ E˜C ,
du˜ =
(
− u1 + ǫ2v
)
∧ u˜− δABEA ∧ e˜B ,
dv˜ = u˜ ∧ u+ v˜ ∧ v+ δABE˜A ∧EB ,
de˜A = −
(
σAB + ǫ2σ
A+n
B
)
∧ e˜B ,
dE˜A =
(
− u1 − ǫ2v
)
∧ E˜A − u ∧ e˜A −
(
σAB + ǫ2σ
A+n
B
)
∧ E˜B
+
(
−ǫ2SABC − SA+nBC
)
eB ∧EC .
Proof of theorem 1 (c): We first consider J3. A basis of the +1 eigendis-
tribution of J∗3 is given by B
+ = (u˜,v, e˜A,EA). Each term in the exterior
derivative of any element in B+ contains a one-form in the set B+. There-
fore the distribution is integrable by Frobenius’ theorem. A basis of the −1
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eigendistribution of J∗3 is given by B
− = (u, v˜, eA, E˜
A
), and by the same
argument it is also an integrable distribution. Therefore the almost-para-
complex structure J3 is integrable.
Let us now consider J ′3 and J˜ . A basis of the +1 eigendistribution of J
′
3
∗
is given by B′+ = (u˜, v˜, e˜A,EA) and a basis of the −1 eigendistribution by
B′− = (u,v, eA, E˜A). By the same argument as above J ′3 is integrable. A
basis of the +1 eigendistribution of J˜ is given by (u,v, eA,EA) and the −1
eigendistribution by (u˜, v˜, e˜A, E˜A). Therefore J˜ is integrable if and only if
the cubic tensor C vanishes.
One may gather together the elements of the real partial co-frame (70)
into the para-quaternionic vielbein
U
Aµ =
1√
2
(
u eA −v˜ −E˜A
v EA u˜ e˜A
)
. (72)
Proposition 6 shows that one may replace the complex unit i and holomor-
phic coordinates in the formal expression for the spatial c-map quaternionic
vielbein (67) with the para-complex unit iǫ1 and para-holomorphic coor-
dinates in order to obtain the above expression for the para-quaternionic
vielbein in the Euclidean c-map with (ǫ1, ǫ2) = (1,−1).
The three endomorphisms J1, J2, J3 defined in (53) correspond to the
following three 2-by-2 matrices JH1 , J
H
2 , J
H
3 :
J∗αU
Aµ =
(
JHα
)A
B
U
Bµ ,
(JHα ) =


(−iσα) if (ǫ1, ǫ2) = (−1,−1)
(τα) if (ǫ1, ǫ2) = (−1,+1)
(τ3,−τ2,−τ1) if (ǫ1, ǫ2) = (+1,+1)
(−τ2,−τ3,−τ1) if (ǫ1, ǫ2) = (+1,−1) .
(73)
Notice that in the last three cases we could have used the same basis (τα).
The reason not do so was to allow for the unified expression (53) for (Jα) in
terms of the orthonormal basis.
Proof of theorem 2 (c): In the basis (72) the Levi-Civita connection one-form
decomposes according to (22), where p, q, t, s are given by
p =

 12u2 + ǫ2 12v −uˆ1 + ǫ2uˆ2
−ǫ2uˆ1 − uˆ2 −12u2 − ǫ2 12v

 ,
q =

 −32u2 + ǫ2 12v
(
eˆC + ǫ2eˆ
C+n
)
δCB
ǫ2eˆ
A − eˆA+n σAB − ǫ2σA+nB − 12(u2 + ǫ2v)δAB

 ,
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t =

 0 0
0 (−ǫ2SABC + SA+nBC)(eˆC + ǫ2eˆC+n)

 ,
s =

 0 0
0 (SABC + ǫ2S
A+n
BC)(eˆ
C − ǫ2eˆC+n)

 .
The Levi-Civita connection is therefore compatible with the para-
quaternionic structure.
6 c-map spaces as fibre bundles with bundle met-
rics
In Section 4.2 we have described c-map spaces in terms of the Uǫ1(1)-
principal bundle P = TM × R → N¯ equipped with the degenerate sym-
metric tensor field g′, see (49), which pushes down to the ε-quaternionic
Ka¨hler metric gN¯ . We now turn to a complementary point of view, where
c-map spaces are locally described as product manifolds
N¯ = M¯ ×G ,
where M¯ is the original PSǫ1K manifold, which is locally a PSǫ1K domain,
and where G is the Iwasawa subgroup of SU(1, n + 2). The ε-quaternionic
Ka¨hler metric can then be written in the form of a ‘bundle metric’
gN¯ = g¯ + gG(p) , (74)
where g¯ is the PSǫ1K metric, and where gG(p) is a family of left invariant
metrics on G which is parametrised by p ∈ M¯ . We will show that for fixed
p ∈ M¯ the metrics gG(p) are among the symmetric ǫ1-Ka¨hler metrics of
constant ǫ1-holomorphic sectional curvature that were discussed in Sections
2.1.3 and 2.1.4, and give explicit expressions for the metric, ǫ1-complex
structure and ǫ1-Ka¨hler potential.
6.1 The bundle metric
We start from (25), where we re-write the expression gIJ∂mX
I∂mX¯J
∣∣
D
in
terms of the physical four-dimensional scalars zA. Explicitly, the metric gN¯
now takes the form (74) where g¯ = g¯ABdz
Adz¯B , see (24), and where
gG(p) =
1
4
dφ2 − ǫ1e−2φ
(
dφ˜+
1
2
(ζIdζ˜I − ζ˜IdζI)
)2
+
ǫ2
2
e−φ
(
IIJ(p)dζ
IdζJ − ǫ1IIJ(p)(dζ˜I − RIK(p)dζK)(dζ˜J − RJL(p)dζL)
)
,
(75)
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which as indicated depends on p ∈ M¯ . Taking M¯ to be a PSǫ1K domain,
we find that N¯ is a product N¯ = M¯ × L → M¯ with fibre L = R2n+4. The
fields zA provide holomorphic coordinates on M¯ and (ζI , ζ˜I , φ˜, φ) are real
coordinates on L.
For ǫ1 = ǫ2 = −1, the metric (75) agrees with the expression in [45] upon
making the following field redefinitions
ζ ′I =
1√
2
ζI , ζ˜ ′I =
1√
2
ζ˜I , φ˜
′ = φ˜ , φ′ =
1
2
eφ ,
I
′
IJ = −IIJ , R′IJ = −RIJ ,
where the ‘primed’ coordinates are those used in [45].
Following [45] we define the following one-forms:
ηI =
√
2e−φ/2dζI , ξI =
√
2e−φ/2
(
dζ˜I − RIKdζK
)
,
ηn+1 = 2e−φ
(
dφ˜+
1
2
(ζIdζ˜I − ζ˜IdζI)
)
, ξn+1 = dφ , (76)
where I = 0, . . . , n. n this co-frame the fibre metric is
4gG = (ξn+1)
2 − ǫ1(ηn+1)2 + ǫ2IIJηIηJ + ǫ IIJξIξJ .
where ǫ := −ǫ1ǫ2. Since IIJ is symmetric and invertible, by a linear change
of coordinates, we assume
IIJ = −ηIJ ,
where (ηIJ) = diag(−ǫ1, 1, . . . , 1). Here we used the information about the
signature of the matrix (IIJ ) provided in Section 3.1.
Thus pointwise with respect to p ∈ M¯ we can bring the fibre metric to
the standard form
4gG = ξ
2
n+1 − ǫ1(ηn+1)2 − ǫ2 ηIJηIηJ − ǫ ηIJξIξJ . (77)
The one-forms are invariant under the following group of affine transforma-
tions depending on 2n+ 4 real parameters (vI , v˜I , α, λ):
ζI → eλ/2ζI + vI ,
ζ˜I → eλ/2ζ˜I + v˜I ,
φ˜ → eλφ˜+ 1
2
eλ/2(v˜T ζ − vT ζ˜) + α ,
φ → φ+ λ . (78)
The Lie group structure underlying the above affine transformations is
(v, v˜, α, λ) · (v′, v˜′, α′, λ′) = (79)
(v + eλ/2v′, v˜ + eλ/2v˜′, α+ eλα′ +
1
2
eλ/2(v˜T v′ − vT v˜′), λ+ λ′) .
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Thus R2n+4, considered as a Lie group G with the above multiplication, acts
on L = R2n+4 by the affine transformations (78). Using this group action
we can identify the Lie group G with the G-orbit of the point (0, 0, 0, 0),
which is all of L. The affine transformation (78) is then given by the left
action of G on itself.
The differentials of the one-forms (θa) = (ηI , ξI , η
n+1, ξn+1) are linear
combinations of wedge products of the θa with constant coefficients:
dηI = −1
2
ξn+1∧ηI , dξI = −1
2
ξn+1∧ξI , dηn+1 = −
n+1∑
A=0
ξA∧ηA , dξn+1 = 0 .
These coefficients are, in fact, the structure constants of the Lie algebra g of
the group G. This is clear since the forms (θa) can be considered as a basis
of the space of left-invariant forms on the group G.
The left-invariant vector fields (Va) = (XI , Y
I , Z0,D) dual to the one-
forms (θa) = (ηI , ξI , η
n+1, ξn+1) are given explicitly by
XI =
1√
2
eφ/2
(
∂
∂ζI
+
1
2
ζ˜I
∂
∂φ˜
)
, Y I =
1√
2
eφ/2
(
∂
∂ζ˜I
− 1
2
ζI
∂
∂φ˜
)
,
(80)
Z0 =
1
2
eφ
∂
∂φ˜
, D =
∂
∂φ
.
The non-trivial commutators between these vector fields are
[Y I ,XJ ] = δ
I
JZ0 , [D,Y
I ] =
1
2
Y I , [D,XI ] =
1
2
XI , [D,Z0] = Z0 .
(81)
This is a solvable Lie algebra, and looking back at Section 2.1.4 we recognise
it as the Iwasawa Lie algebra g of SU(1, n+2). Therefore (79) is the group
multiplication of the Iwasawa group G. Thus gG(p) is a family of left-
invariant metrics on the fibres L ≃ G of the product N¯ = M¯ ×G→ M¯ .
We saw in Section 2.1.4 that the natural ε-complex structure JG (setting
ε = ǫ1) on g is given by its action on the basis of vector fields Z0,D,XI , Y
I
via
JGD = −Z0, JGZ0 = −ǫ1D, JGY I = −η˜IJXJ , JGXI = −ǫ1η˜IJY J ,
where η˜IJ = 〈Y I , Y J〉. Identifying 4gG as given in (77) with the scalar
product considered in Section 2.1.4 we get η˜IJ = ǫ1ǫ2ηIJ . Comparing this
with (57) we see that the almost ǫ1-complex structure J˜ on N¯ obtained by
projecting the tensor field J˜ from P to N¯ can be written as11
J˜ = −ǫ2JM¯ − JG .
11Note that JG = D ∧ Z0 + Y
I ∧XI , when evaluating the endomorphism JG using the
scalar product 〈·, ·〉. In (57) the metric g′ is used instead, which restricts to 1
4
〈·, ·〉 on the
fibre. This leads to an additional factor 4 in (57).
59
In particular, this shows that JG is different from the restriction of the
structures ±J3 and ±J ′3 to the fibres of the projection N¯ = M¯ × G → M¯ ,
with the exception of the case when M¯ is a point and therefore G is 4-
dimensional. In the latter case J ′3 coincides with −JG, see the end of the
next section for a discussion of this special case.
6.2 Ka¨hler potentials for the fibre metrics
We will now identify the ε-Ka¨hler potentials for the metrics on the fibres
G ≃ L of c-map spaces, and thus show that they are among the ε-Ka¨hler
metrics described in Section 2.1.3, where now ε = ǫ1. We treat all three cases
of the c-map simultaneously. Along the fibre the matrix NIJ = RIJ + iǫ1IIJ
is constant. Let us introduce the ǫ1-complex coordinates (CI , S) via
CI := ζ˜I −NIJζJ , S := eφ − ǫ
(
2iǫ1 φ˜−
1
2
CII
IJC¯J
)
.
One can show that
√
2e−φ/2dCI = ξI − iǫ1IIJηJ ,
e−φ
(
dS − ǫ dCIIIJ C¯J
)
= ξn+1 − ǫiǫ1ηn+1,
where differentials are restricted to the fibre, whilst the Kaluza-Klein scalar
φ can be expressed in terms of the fields (CI , S) as
2eφ = S + S¯ − ǫCIIIJ C¯J .
Hence, the metric on G is given by
gG =
∣∣dS − ǫ dCIIIJ C¯J ∣∣2
(S + S¯ − ǫCIIIJ C¯J)2
+ ǫ
dCII
IJdC¯J
S + S¯ − ǫCIIIJ C¯J
.
In order to compare to the parametrisation used in Section 2.1.3, we
introduce the ǫ1-complex variables (u, u
I) via
2S =
1− u
1 + u
, CI = iǫ1
IIJu
J
1 + u
,
in terms of which the metric on G becomes
gG =
∣∣u¯du+ ǫ2u¯IIIJduJ ∣∣2
(1− |u|2 − ǫ2uIIIJ u¯J)2
+
|du|2 + ǫ2duIIIJdu¯J
1− |u|2 − ǫ2uIIIJ u¯J ,
as can be checked by a straightforward but long calculation. A simple cal-
culation shows that the metric gG is ǫ1-Ka¨hler with potential
K = − log (1− |u|2 − ǫ2uIIIJ u¯J) .
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Since IIJ is constant, non-degenerate and symmetric, we can make a lin-
ear coordinate transformation to make it diagonal with entries ±1. Setting
z1 = u , za = ua−1 , a = 2, . . . , N = n+ 2 , η¯ab = diag(1, ǫ2IIJ) ,
we obtain
KL = − log
(
1− η¯abzaz¯b
)
= −K¯ ,
and
gL = −g¯ = (1− η¯abzaz¯b)−2
(
(1− η¯abzaz¯b)η¯ab + η¯acz¯cη¯bdzd
)
dzadz¯b .
These metrics gL with ǫ1-Ka¨hler potential KL are, up to an overall sign,
among the ε-Ka¨hler metrics g¯ with ε-Ka¨hler potential K¯ introduced in Sec-
tion 2.1.3, where now ε = ǫ1. Since the choice of the initial special ε-Ka¨hler
metric on M¯ determines the signature of the metric on G, only a subset
of the metrics considered in Section 2.1.3 can be realised by the c-map. In
particular the Fubini-Study metric on
CPn+2 ≃ U(n+ 3)/(U(1) × U(n+ 2)) ,
cannot be realised. To obtain the negative of the Fubini-Study metric, we
would need to take ǫ1 = −1, and η¯ab = −δab which gives
KL = − log(1 + δabzaz¯b) , gL = −(1 + δcdz
cz¯d)δab − z¯azb
(1 + δcdzcz¯d)2
dzadz¯b .
However, since diag(1, ǫ2IIJ) 6= −δab it is not possible to obtain this geom-
etry using the c-map, even if we were to allow for four-dimensional vector
fields with negative kinetic energy.
We now discuss the geometries realised by the three c-maps. In order
to interpret the resulting signatures in terms of dimensional reduction, we
recall that the coordinates za encode the followings fields: the Kaluza-Klein
scalar φ , the dualised Kaluza-Klein vector φ˜, the components of the four-
dimensional vector fields along the direction we reduce over, ζI , and the
scalars dual to the three-dimensional vector fields, ζ˜I . The signs in front of
the kinetic terms of these fields can be read off from the three-dimensional
Lagrangian (25). Equivalently, they are determined in terms of the signs in
the four-dimensional Lagrangian (23) through the following general proper-
ties of dimensional reduction and Hodge dualisation: (i) spacelike reduction
preserves all signs, while timelike reduction reverses the sign for the Kaluza-
Klein vector and for the scalars obtained by reducing vector fields; (ii) du-
alisation of three-dimensional vector fields preserves the sign in Lorenzian
signature and reverses it in Euclidean signature. Now we list the cases which
can be realised by the different versions of the c-map.
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1. If we take ǫ1 = −1 and η¯ab = δab, we obtain
KL = − log(1− δabzaz¯b) , gL = (1− δcdz
cz¯d)δab + z¯azb
(1− δcdzcz¯d)2 dz
adz¯b ,
where za = z
a. This is a positive definite Ka¨hler metric on the complex
hyperbolic space
CHn+2 = U(n+ 2, 1)/(U(n + 2)× U(1)) ,
which has constant holomorphic sectional curvature −1. It is realised,
up to a factor 4, as the fibre geometry gG =
1
4gL of the spatial c-
map, ǫ1 = ǫ2 = −1, which has holomorphic sectional curvature −4.
Here we assume that we start with a four-dimensional theory of vector
multiplets with positive definite kinetic terms. This implies that IIJ
is negative definite. Dimensional reduction over a spacelike direction
then results in a three-dimensional theory with positive definite kinetic
terms.
2. Next we take ǫ1 = −1 and (η¯ab) = diag(1ℓ ,−1k−1). Then we obtain
KL = − log(1−η¯abzaz¯b) , gL = (1− η¯cdz
cz¯d)η¯ab + η¯acz¯
cηbdz
d
(1− η¯cdzcz¯d)2 dz
adz¯b ,
(82)
which are pseudo-Ka¨hler metrics of complex signature (ℓ, k − 1) with
constant holomorphic sectional curvature −1 on the indefinite complex
hyperbolic spaces CH(ℓ,k−1). This case is realised by the temporal c-
map, ǫ1 = −1, ǫ2 = 1 with the specific value ℓ = 1. Here we use again
that IIJ is negative definite, if we start with a theory in Minkowski
space-time signature with positive kinetic energy. Upon timelike re-
duction all scalars resulting from the four-dimensional vector fields
have a negative sign, while φ and φ˜ have a positive sign, resulting in
kinetic terms with signature (2, 2n+2), or complex signature (1, n+1),
which corresponds to ℓ = 1. We thus obtain the following indefinite
version of the complex hyperbolic space
CH(1,n+1) ≃ U(1, n + 2)/(U(1, n + 1)× U(1)) ,
with complex signature (1, n + 1).
3. Finally we take ǫ1 = 1 and obtain the same expressions as in (82) with
complex fields replaced by para-complex fields. This is a para-Ka¨hler
metric of constant para-holomorphic sectional curvature −1 on the
para-complex hyperbolic space
CHn+2 ≃ SL(n+ 3)/S(GL(1) ×GL(n + 2)) .
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The (real) signature is (n + 2, n + 2) irrespective of the signature of
η¯ab. This geometry is realised as a fibre geometry for the Euclidean
c-map, ǫ1 = 1, ǫ2 = ±1. The result is independent of the signature of
IIJ , and hence of η¯ab, since the metric is para-Hermitian and has split-
signature. In terms of dimensional reduction, φ and φ˜, and ζI and ζ˜I
have opposite signs irrespective of the signs in the four-dimensional
Lagrangian. From [3] we know that if we obtain the Euclidean theory
by reduction of five-dimensional supergravity with vector multiplets
over time, then IIJ has signature (1, n), which reflects the fact that
the Kaluza-Klein vector of the 5d/4d reduction has a negative kinetic
term.
We remark that by matching the ε-Ka¨hler potentials obtained by the c-
map to those found in Section 2.1.3 we have now proved that the solvable Lie
groups presented in Section 2.1.4 do indeed provide local realisations of the
symmetric spaces discussed in Section 2.1.3. We further remark that for the
non-compact symmetric spaces of indefinite signature, that is for CH(l,k−1)
and CHn+2, the Iwasawa subgroup does not act transitively, though one
can find an Iwasawa subgroup which acts with open orbit. In these cases
the fibre cannot be identified globally with the corresponding symmetric
space, since the fibre has trivial topology, while the symmetric space has
non-trivial topology. This is different for CHn+2, where the Iwasawa group
acts transitively, so that the fibre is globally isometric to U(1, n+2)/U(1)×
U(n+ 2).
The simplest examples of c-map spaces are obtained by taking the ini-
tial special ε-Ka¨hler manifold to be trivial, M¯ = {pt}. This corresponds
to starting with pure supergravity, and gives rise to a single hypermulti-
plet, often referred to as the universal hypermultiplet. The corresponding
real four-dimensional ε-quaternionic Ka¨hler manifolds12 are rather special
as they only consist of the fibre, and are therefore locally symmetric spaces
which are simultaneously ε-Ka¨hler and ε-quaternionic Ka¨hler. Here the ε-
complex structure JG compatible with the ε-Ka¨hler metric coincides with
the additional integrable ε-complex structure −J ′3, which is not part of the
ε-quaternionic structure. The three different c-maps give rise to three differ-
ent universal hypermultiplets, for which we discuss below the corresponding
globally symmetric space.
1. ǫ1 = −1, ǫ2 = −1. The symmetric space
CH2 = U(2, 1)/U(2) × U(1) ,
12The definition we gave for ε-quaternionic Ka¨hler spaces is only valid if the real dimen-
sion is larger than four. As is well known, for the quaternionic case, in four dimensions
this definition is not satisfactory, as it only implies orientability. One then takes as a defi-
nition that in addition the manifold is Einstein and that the curvature tensor is invariant
under the quaternionic structure, a property that in higher dimensions follows from the
definition in terms of holonomy.
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is simultaneously Ka¨hler and quaternionic Ka¨hler. This space is the
simplest hypermultiplet geometry occurring in supergravity and ap-
pears naturally in various constructions. In particular the classical
moduli spaces of M-theory and type-II superstrings on Calabi-Yau
threefolds contain this space as a subspace, with the scalar φ being re-
lated to the Calabi-Yau volume and the type-II dilaton, respectively.
2. ǫ1 = −1, ǫ2 = 1. The symmetric space
CH(1,1) ≃ U(2, 1)/(U(1, 1) × U(1)) ,
is simultaneously pseudo-Ka¨hler and para-quaternionic Ka¨hler. It oc-
curs in the timelike reduction of pure four-dimensional N = 2 super-
gravity [61].
3. ǫ1 = 1, ǫ2 = −1. The symmetric space
CH2 ≃ SL(3)/S(GL(1) ×GL(2)) ,
is simultaneously para-Ka¨hler and para-quaternionic Ka¨hler. In [70]
it was observed that this geometry is realised by reduction of pure Eu-
clidean supergravity [71], and by dualising the double-tensor multiplet
in Euclidean signature.
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